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Editor’s Foreword 


Addison-Wesley’s Frontiers in Physics series has, since 1961, made it possible for 
leading physicists to communicate in coherent fashion their views of recent 
developments in the most exciting and active fields of physics—without 
having to devote the time and energy required to prepare a formal review or 
monograph. Indeed, throughout its nearly forty-year existence, the series has 
emphasized informality in both style and content, as well as pedagogical clari- 
ty. Over time, it was expected that these informal accounts would be replaced 
by more formal counterparts—textbooks or monographs—as the cutting-edge 
topics they treated gradually became integrated into the body of physics knowl- 
edge and reader interest dwindled. However, this has not proven to be the case 
for a number of the volumes in the series: Many works have remained in print 
on an on-demand basis, while others have such intrinsic value that the physics 
community has urged us to extend their life span. 

The Advanced Book Classics series has been designed to meet this demand. It 
will keep in print those volumes in Frontiers in Physics or its sister series, Lecture 
Notes and Supplements in Physics, that continue to provide a unique account of 
a topic of lasting interest. And through a sizable printing, these classics will be 
made available at a comparatively modest cost to the reader. 

These notes on Richard Feynman’s lectures at Cornell on the Theory of 
Fundamental Processes were first published in 1961 as part of the first group of 
lecture note volumes to be included in the Frontiers in Physics series. As is the 
case with all of the Feynman lecture note volumes, the presentation in this 
work reflects his deep physical insight, the freshness and originality of his 
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approach to understanding high energy physics, and the overall pedagogical 
wizardry of Richard Feynman. The notes provide both beginning students and 
experienced researchers with an invaluable introduction to fundamental 


processes in particle physics, and to Feynman’s highly original approach to the 
topic. 


David Pines 
Urbana, Illinois 


December 1997 


Preface 


These are notes on a special series of lectures given during a visit to Cornell 
University in 1958. When lecturing to a student body different from the one 
at your own institution there is an irresistible temptation to cut corners, omit 
difficult details, and experiment with teaching methods. Any wounds to the 
students’ development caused by the peculiar point of view will be left behind 
as someone else’s responsibility to heal. 

That part of physics that we do understand today (electrodynamics, B decay, 
isotopic spin rules, strangeness) has a kind of simplicity which is often lost in 
the complex formulations believed to be necessary to ultimately understand 
the dynamics of strong interactions. To prepare oneself to be the theoretical 
physicist who will some day find the key to these strong interactions, it might 
be thought that a full knowledge of all these complicated formulations would 
be necessary. That may be so, but the exact opposite may also be so; it may be 
necessary to stay away from the corners where everyone else has already 
worked unsuccessfully. In any event, it is always a good idea to try to see how 
much or how little of our theoretical knowledge actually goes into the analy- 
sis of those situations which have been experimentally checked. This is neces- 
sary to get a clearer idea of what is essential in our present knowledge and what 
can be changed without serious conflict with experiments. 

The theory of all those phenomena for which a more or less complete quan- 
titative theory exists is described. There is one exception; the partial success- 
es of dispersion theory in analyzing pion-nucleon scattering are omitted. This 
is mainly due to a lack of time; the course was given in 1959-1960 at Cal Tech, 
for which these notes were used as a partial reference. There, dispersion theory 
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and the estimation of cross sections by dominant poles were additional topics 
for which, unfortunately, no notes were made. 

These notes were made directly from the lectures at Cornell university by 
P. A. Carruthers and M. Nauenberg. Lectures 6 to 14 were originally written 
as a report for the Second Conference on Peaceful Uses of Atomic Energy, 


Geneva, 1958. They have been edited and corrected by H. T. Yura. 


R. P. Feynman 
Pasadena, California 


November 1961 


Contents 


a ee ee 
OMANADANA WHF DOAN ANAWN YH 


NNN MY WY 
BhWN Ye © 


Editor’s Foreword 

Preface 

Review of the Principles of Quantum Mechanics 
Spin and Statistics 

Rotations and Angular Momentum 

Rules of Composition of Angular Momentum 
Relativity 

Electromagnetic and Fermi Couplings 

Fermi Couplings and the Failure of Parity 
Pion-Nucleon Coupling 

Strange Particles 

Some Consequences of Strangeness 

Strong Coupling Schemes 

Decay of Strange Particles 

The Question of a Universal Coupling Coefficient 
Rules for Strangeness Changing Decays: Experiments 
Fundamental laws of Electromagnetics and B-Decay Coupling 
Density of Final States 

The Propagator for Scalar Particles 

The Propagator in Configuration Space 

Particles of Spin 1 

Virtual and Real Photons 

Problems 

Spin-1/2 Particles 

Extension of Finite Mass 

Properties of the Four-Component Spinor 


ix 


101 
106 
112 
118 


The Compton Effect 

Direct Pair Production by Muons 
Higher-Order Processes 
Self-Energy of the Electron 
Quantum Electrodynamics 

Meson Theory 

Theory of B Decay 

Properties of the B-Decay Coupling 
Summary of the Course 
References 

Table of the Fundamental Particles 


CONTENTS 


125 
131 
134 
139 
145 
152 
156 
164 
168 
170 
171 


The Theory 
of Fundamental Processes 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 


Review of the 
Principles of 
Quantum Mechanics 


These lectures will cover all of physics. Since we believe that the 
behavior of systems of many particles can be understood in terms of the in- 
teractions of a small number of particles, we shall be concerned primarily 
with the latter. Bearing in mind that the present theories need modifications 
or revision to account for observed phenomena, we shall want to consider 
the foundation of quantum mechanics in their most general form. This is so 
we can get some idea of the minimum assumptions (and their character) 
which we use to formulate those parts of the theory we use in dealing with 
the new phenomena of the strange particles. 

A rough outline of the book follows: First, we discuss the ideas of quan- 
tum mechanics, mainly the concept of amplitudes, emphasizing that other 
things such as the combination laws of angular momenta are largely conse- 
quences of this concept. Next, briefly, relativity and the idea of antiparticles. 
Following this, we give a complete qualitative description of all the known 
particles and all that is known about the couplings between them. After that, 
we return to a detailed quantitative study of the two couplings for which cal- 
culations can be carried out today; namely, the B-decay coupling and the 
electromagnetic coupling. The study of the latter is called quantum electro- 
dynamics, and we shall spend most of our time with it. 

Accordingly, we begin with a review of the principles of quantum mechan- 
ics. It has been found that all processes so far observed can be understood 
in terms of the following prescription: To every process there corresponds 
anamplitudet; with proper normalization the probability of the process is 
equal to the absolute square of this amplitude. The precise meaning of terms 
will become more clear from the examples that follow. Later we shall find 
rules for calculating amplitudes. 

First, we consider in detail the double-slit experiment for electrons. A 
uniform beam of electrons of momentum p is incident on the double slit. To 
be more precise, we consider successive electrons, randomly distributed in 
the vertical direction (we prepare each electron with p = Px, Py = Pz = 0). 
(Feynman: They should come from a hole, at definite energy.) 


TA complex number. 
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When the electron hits the screen we record the position of the hit. The 
process considered is thus; An electron with well-defined momentum some- 
how goes through the slit system and makes its way to the screen (Fig. 1-1). 
Now we are not allowed to ask which slit the electron went through unless 


electrons 
—_—_—_> 


———_»> 
(1) 
a | © light 


; (2) source 


slit screen 


FIG. 1-1 


we actually set up a device to determine whether or not it did. But then we 
would be considering a different process! However we can relate the am- 
plitude of the considered process to the separate amplitudes for the elec- 
tron to have gone through slit (1), (a;), and through slit (2), (a). [For exam- 
ple, when slit (2) is closed the amplitude for the electron to hit the screen is 
a, (prob. |a|?) etc.] Nature gives the following simple rule: a = a; + ap. 
This is a special case of the principle of superposition in quantum mechan- 
ics (cf. reference 1). Thus the probability of an electron reaching the screen 
is P, = |al’ = |a; + a,|?. Clearly, in general we have P, ¥ P,,+ Belg \a,|’, 
Ra. |a,|°), as distinguished from the classical case. We speak of ‘‘inter- 


ference’’ between the probabilities (see reference 2). The actual form of P, 
is familiar from optics. 

Now suppose we place a light source between slits 1 and 2 (see Fig. 1-1) 
to find out which slit the electron ‘‘really’’ did go through (we observe the 
scattered photon). In this case the interference pattern becomes identical to 
that of the two slits considered independently. One way of interpreting this 
situation is to say that the act of measurement, of the position of the elec- 
tron imparts an uncertainty in the momentum (AP,), at the same time chang- 
ing the phase of the amplitude in an uncontrollable way, so that the average 
over many electrons yields zero for the ‘‘interference’’ terms, owing to the 
randomness of the uncontrollable phases (see Bohm? for details of this view). 
However, we prefer the following viewpoint: By looking at the electrons we 
have actually changed the process under consideration. Now we must con- 
sider the photon and its interaction with the electron. So we consider the 
following amplitudes: 

aii = amplitude that electron came through slit 1 and the photon 
was scattered behind slit 1 
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ao, = amplitude that electron came through slit 2 and the photon 
was scattered behind slit 1 

ayo = amplitude that electron came through slit 1 and the photon 
was scattered behind slit 2 

ao, = amplitude that electron came through slit 2 and the photon 
was scattered behind slit 2 

The amplitude that an electron seen at slit 1 arrives at the screen is 
therefore a’ = ay, + aj4; for an electron seen at slit 2, a” = ayo + agg. Evi- 
dently for a properly designed experiment aj) = 0 & ao, so that aj, = ay, 

A) = ap of the previous experiment. Now the amplitudes a’ and a” corre- 
spond to different processes, so the probability of an electron arriving at 
the screen is P/ = |a’|? + |a”|? = |ay|? + |ag/?. 

Another example is neutron scattering from crystals. 

(1) Ignore spin: At the observation point the total amplitude equals the 
sum of the amplitudes for scattering from each atom. One gets the usual 
Bragg pattern. 

(2) Spin effects: Suppose all atoms have spin up, the neutrons spin down 
(assume the atom spins are localized): (a) no spin flip—as before, (b) spin 
flip—no diffraction pattern shown even though the energy and wavelengths of 
the scattered waves are the same as in case a. The reason for this is sim- 
ply that the atom which did the scattering has its spin flipped down; in prin- 
ciple we can distinguish it from the other atoms. In this case the scattering 
from atom i is a different process from the scattering by atom j <i. 

If instead of (localized) spin flip of the atom we excite (unlocalized) spin 
waves with wavenumber k = King — Kgcatt. we Can again expect some partial 
diffraction effects. 

Consider scattering at 90° in the c.m. system [see Fig. 1-2 (a to d)]: 

(a) Two identical spinless particles: There are two indistinguishable 
ways for scatter to occur. Here, total amplitude = 2a and P = 4 |a|’, which 
is twice what we expected classically. 


amp. a amp. a 
FIG, 1-2a 


(b) Two distinguishable spinless particles. Here these processes are 
distinguishable, so that P = |a|? + |a|? = 2 |a|?. 

(c) Two electrons with spin. Here these processes are distinguishable, 
so that P = |a|* + |a|? = 2[al’. 


4 THE THEORY OF FUNDAMENTAL PROCESSES 


FIG. 1-2b 


FIG. 1-2c 


amp. a amp. —a 


FIG. 1-2d 


(ad) But if both the incident electrons have spin up, the processes are in- 
distinguishable. The total amplitude = a - a =0. So here we have a new fea- 
ture. We discuss this further in the next lecture. 


Problem 1-1: Suppose we have two sources of radio waves (e.g., 
radio stars) and need to know how far apart they are. We measure 
this intensity in two receivers at the same time and record the prod- 
uct of the intensities as a function of their relative position. This 
measurement of the correlation permits the required distance to be 
computed. With one receiver there is no pattern on the average, be- 
cause the relative phase of A and B sources is random and fluctu- 
ating. For example, in Fig. 1-3 we have put the receivers at a sepa- 
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ration corresponding to that of two maxima of the pattern if the rela- 
tive. phase is 0 (Table 1-1). If L and R are at separation between a 
maximum and a minimum we have Table 1-2. Thus find the probability 
of reception of photon coincidence in the counters. Examine the effect 
of changing the separation between the receivers. Consider the proc- 
ess from the point of view of quantum mechanics. 


Sources Receivers 
Nerd 


BOY R 


FIG. 1-3 
TABLE 1-1 
Relative L R 
phases of sources (common) (max) Product 
0° 2 2 4 
180° 0 0 0 
90° 1 1 1 
270° 1 1 1 
Av. =1.5 
TABLE 1-2 
Relative L R 
phases of sources (common) (max) Product 
0° 2 0 0 
180° 0 2 0 
90° 1 1 1 
270° 1 1 1 


Av. =0.5 
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Discussion of Problem 1-1. There are four ways in which we can have 
photon coincidences: 

(1) Both photons come from A: amp. a. 

(2) Both photons come from B: amp. ay». 

(3) Receiver L receives photon from A, Rfrom B: amp. a3. 

(4) Receiver L receives photon from B, Rfrom A: amp. a4. 

Processes (1) and (2) are distinguishable from each other and from (3) 
and (4). However, (3) and (4) are indistinguishable. [For instance, we could, 
in principle, measure the energy content of the emitters to find which had 
emitted the photon in case (1) and (2).]) 

Thus, P = |a,|* + a,|? + |a; +a,|?. The term |a, +a,|* contains the inter- 
ference effects. Note that if we were examining electrons instead of photons 
the latter term would be |a; ~ a,|’. 


Spin and Statistics 


We should learn to think directly in terms of quantum mechanics. The 
only thing mysterious is why we must add the amplitudes, and the rule that 
P = |total amp.|? for a specific process. We return to consider the rules 
for adding amplitudes when the two alternative processes involve exchange 
of the two particles. 

Consider a process P (amp. a) and the exchange process P,, (amp. ae,) 
(indistinguishable from it). We find the following remarkable rule in nature: 
For one class of particles (called bosons) the total amplitude is a + ae,; for 
another class (fermions) the total amplitude is a —ag,. It turns out that parti- 
cles with spin 1/2, 3/2, ... are fermions, and particles with spin 0, 1, 2, ... 
are bosons. This is deducible from quantum mechanics plus relativity plus 
something else. This is discussed in the literature by Pauli‘ and, more re- 
cently, by Ltiders and Zumino.® 

It is important to notice that, for this scheme to work, we must know all 
the states of which the particle (or system) is capable. For example, if we 
did not know about polarization we would not understand the lack of inter- 
ference for different polarizations. If we discovered a failure of any of our 
laws (e.g., for some new particle) we would look for some new degree of 
freedom to completely specify the state. 

Degeneracy. Consider a beam of light polarized in a given direction. 
Suppose we put the axis of an analyzer (e.g., polaroid, nicol prism) succes- 
sively in two perpendicular directions, x and y, to measure the number of 
photons of corresponding polarization in the beam (x and y are of course 
perpendicular to the direction of the beam). Call the amplitude for the ar- 
rival of a photon with polarization in the x direction a,, in the y direction 
aye Now, if we rotate the analyzer 45°, what is the amplitude a,,° for ar- 
rival of a photon in that direction? We find that ayo = (1/ V2 )(a, + ay); for 
a general angle 6 (fromthe x axis) we have a(#) = cos da, + sin 6a,. The 
point is that only two numbers (here a, and ay) are required to specify the 
amplitude for any polarization state. We shall find this result to be con- 
nected intimately with the fact that any other choice of axes is equally valid 
for the description of the photon. 
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\ 
‘Mx’ 
FIG, 2-1 


For example (Fig. 2-1) consider the system of coordinates x’, y’ rotated 
—45° with respect to (x,y). An observer using this reference frame has 


ays = (Ay ~ ay)/V2 
aye = (ay + ay) /V2 


(a'y, +a’y,)/V2- 


a 45° (in x’, y’) 


[ay — ay)/V2] + [fay + ay)/V2 | 


a, (as it should be!) 


We could represent the state of the photon by a vector e =a,i +a,j in 
some two-dimensional space. Then the amplitude for the photon to be found 
with polarization in direction v =icos 6 + jsin@ is e-v. 

The hypothesis that the behavior of a system camnot depend on the orien- 
tation in space imposes great restrictions on the properties of the possible 
states. Consider (Fig. 2-2) a nucleus or an atom which emits a vy ray pref- 
erably along the z axis. Now rotate everything, nucleus plus detecting ap- 
paratus. We should expect that the photon is emitted in the corresponding 
direction. 

If the nucleus could be characterized by a single amplitude, say, its en- 
ergy, then the y ray would have to be emitted with equal likelihood in all 
directions. Why? Because otherwise we could set things up so that the y 
ray comes out in the x direction (for we can always rotate the apparatus, 
the working system; and the laws of physics do not depend on the direction 
of the axis). This is a different condition because the subsequent phenome- 
non (y emission) is predicted differently. One amplitude for our state can-~ 
not yield two predictions. The system must be described by more ampli- 
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po Coe REC MN, 


FIG, 2-2 


tudes. If the angular distribution is very sharp we need a large number of 
amplitudes to characterize the state of the nucleus. 
Suppose there are exactly n amplitudes which describe a system 
ay 
a2 


a 
Now the problem: Suppose we know it is in the state a; =1, a, ---= a, = 0. 
After rotation what are the amplitudes characterizing the system in the new 


coordinates ? 
We define them as 


D4;(R) 
Do;(R) 


erene 


Dx (R) 


Similarly if it starts in the state a, =1, a; =a, =*** =a, =0, we have 


se teee 


D,2(R) 


Therefore we need an entire matrix D,j(R). 
Amore complicated case occurs if initially the system is in a state 
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After the rotation the new state is 


4 
ay 
ab 


, 
ay 


whereas ai = 2D,;(R)a;. Think about why this is so, 
j 


Rotations 
and Angular 
Momentum 


In the last lecture we spoke about an apparatus that produced an object in 
condition a: 


an apparatus 


This requires further explanation; since we have introduced so far only the 
concept of an amplitude for the complete event: the production and detection 
of the object. This amplitude can be obtained as follows: 

We assume that we have an amplitude b; that the object produced is in 
some condition characterized by the index i. If it is in this condition, i, let 
a; be the amplitude that it will activate some detector. Then the amplitude 
for the complete event (production and detection) is a;b;, summed over the 
possible intermediate conditions i. 

Consider again the experiment of an electron passing through two slits 


slit screen 


FIG, 3-1 


(Fig. 3-1). If aye3 is the amplitude for an electron to go through one slit and 
a3+, the amplitude for an electron at this slit to reach the screen at 2, then 
the amplitude for the complete event is the product aj+3 X a3+9. 

Now rotate the apparatus through R(|R| = angle of rotation, R/|R| = axis 


11 
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of rotation) so that the object is produced in condition a’ with respect to the 
fixed detector 


ay 
ag ~ 
ag _ 


‘ ip~ | 
ay 


We have pointed out that this must be related to the a by an equation of the 
form a’ = D(R)a, where the matrix D(R) does not depend on the particular 
piece of apparatus. In another experiment (Fig. 3~2) we could have the same 
object produced in some other conditions b and b’. Then b’ = D(R)b, and 


( aS 
~ 
~N 


FIG, 3-2 


the same D(R) is expected. Why must this relation be linear? Because ob- 
jects can be made to interfere. Suppose we have two pieces of apparatus, 
one producing an object in condition a, the other producing the same object 
in condition b, and together producing it in condition a+b. After rotation 
we would have a’, b’, and also a’ +b’, and also a’ +b’, in order that the in- 
terference phenomena appear the same way in the rotated system. Then we 
have 


a’ =D(R)a_ib’ = D(R)b (a+ b)’ = D(R)(a+ b) 


but (a +b)’ =a’ +b’, therefore D(R)(a+b) = D(R)a + D(R)b. 

What else can we deduce ? 

Suppose we consider the apparatus that we rotated through R as a new 
apparatus, which produces the object in condition a’. Now we rotate it 
through S, as shown in Fig. 3-3. According to our rule, the object is now 
produced in a condition a”, where a” = D(S)a’. Since a’ = D(R)a, we have 
a” = D(S)D(R)a, which means D(SR) = D(S)D(R).t 

Rotations form a group, and the D’s are matrix representations of this 
group. It is by no means self-evident how to find them. 


tStrictly speaking, we cannot prove that the amplitudes after rotation 
must be the same in both cases; only the squares must be the same. The 
amplitudes could differ by a phase factor. However, Wigner has shown that 
it could always be eliminated by redefining the D’s. 
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Examples: 
(1) An object represented by a single complex number. The D’s are 
1 x 1 matrices, i.e., a complex number can be chosen to be 1. 


FIG, 3-3 


(2) An object represented by a vector, hence by three amplitudes, 
the x,y,z components of the vector. The D’s are the familiar 
matrices relating rotated coordinates. 
Let us now go to the general analysis. Suppose we know a matrix for an 
infinitesimal rotation. Say, the rotation of 1° about the z axis. Then the 
rotation n° about the z axis is represented by 


D(n° around z) = [D(1° around z)]” 
More generally, if we know D(€° around 2z), then 
D(@ around z) = [D(é around z)]9/€ 


Now, if we rotate just a little we have approximately the identity, so to first 
order in €, D(€ around z) =1+i€M,. Also, 


D(é around x) = 1 +i€ M, 
D(é around y) =1+ie My 


Now, we have D(@ around z) = (1+ i€ M,)9/¢ and using the binomial ex- 
pansion, one obtains, when &—0, 


2 3 
D(@ around z) = 1 + i@ M,- $7 Mb-i5 Mo +--+ 


which is often written e!™z, The binomial expansion works, since M, be- 
haves like ordinary numbers under addition and multiplication. 
If we want to rotate €& about an axis along the unit vector v, we find 
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D(é around v) =1+ ie(v,M, + vyMy + v,M,) 
and for a finite 9 about v, 
D(@ around v) = exp[id(v,M, + vyMy + v,M,)] 


But now we must be careful about the relative order of M,, My, and M, in 
the matrix products that appear in the series; these matrices do not commute, 
This follows from the fact that finite rotations do not commute. Consider the 
rotation of an eraser, Fig. 3-4 (a and b). (1) Rotate it 90° about the z axis 
and then 90° about the x axis (Fig. 3-4a); (2) rotate it 90° about the x axis, 
and then 90° about the z axis (Fig. 3-4b); and we get two entirely different 
results. 


Zz Zz Zz 


Ce 90° 


x 


FIG. 3-4b 


Let us discover the commutation relations between M, and My. We con- 
sider a rotation € about the x axis, followed by 7 about the y axis, then —€ 
about the x axis and —7 about the y axis as in Fig. 3-5. 

We follow the motion of a point starting on the y axis. Clearly the result 
is a second-order effect. It ends up just displaced by about &n toward the x 
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Is 


FIG. 3-5 


axis. We note also that a point which starts on the z axis returns to the ori- 
gin, and therefore the net displacement of the point on the sphere is just a ro- 
tation by an angle &7 about the z axis. Keeping terms up to the second order, 
we have 


[1-in M, —n?(1/2)M3] [1 -ie M, — €7(1/2)M3] [1+ in My — 92(1/2)M2] 
x [1+ ig M, —62(1/2)M2] = 1+ ienM, 
Collecting coefficients of &7m we find 
M,M, — MyX, = iM 


Similarly, 


M,M, — M,M, =iM 


These are the rules of commutation for the matrices M,, My, and M,. Every- 
thing else can be derived from these rules. How this is done is given in detail 
in many books (e.g., Senet): We give only a bare outline here. First we prove 
that M2 + Me + M2 = = mM? commutes with all M’s. Then we can choose our a’s 
so that they satisfy M’a = ka, where k is some number. Construct 


M_ = M, - iM, 


and note 
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M,M_=M_(M, ~— 1) 

Now, suppose a™) satisfies 
M,a'™ = ma™ 

where m is another number; then 


M,b = M,M.a™) = M_(M, — 1)a®™ 


= (m i 1)M_a™ 
= (m-—1)b 
Therefore, 
b = ca™-?}) 


We normalize a™) to unity; ice., 


n 
2) afm*ay™= 1 forall m 
j=1 


Therefore, 


1 = (1/c*c) Dy (M_a™ )* (M_a™ ), 
n 
= (1/c*c) yD a)* (M,M_)a™ 
n 


where M,=M, + iM,. Now 
2 
M,M_=M2+M,+M, 
= M? - M? +M, 
and 
M’a™) =kal™ 
Therefore 
e =[k — m(m -1)]!” 
Let m = -j be the ‘‘last’’ state. How can we fail to get another if we oper- 


ate by M_? Only if M_a‘~)) =0 or c =0 for m =-j, so k = —j(-j—1) 
= j(jt+)). 
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The same kind of steps (using M,, which raises m by one, just like M_ 
lowers it) prove that if the largest value of m is +j’, then k = j’(j’+ 1), so 
that j =j’. Hence 2j’ is an integer. The total number of statesis 2j + 1. 


Examples: 
(1) 1 state: j =0 
(2) 3 states: j=1 


m Transforms like 


1 
1 Vz (x + iy) 
0 Z 
-1 ir (x — iy) 


(3) 2 states: j = 1/2. This is a very interesting case. Let 


a72)_ {1 
se (3) 
al-12) = (°) 


Using our general results we obtain 


m-(5)=(3) 


since 

Li(j+ 1) — mim — 1)!” = [(1/2)(3/2) — (1/2)(1/2))? = 1 

0 

M_ (?) =e 

Therefore, 
00 

Mee (; ) 

Likewise, 


Therefore, 
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M, = 72 (5 2 °) 


Similarly we can show that 
01 
M = 
. (° 
so that we can write 


M, v(t Ale (1/2)o, 


Ml 


Ml 


M, y2(? Ae (1/2), 


,=1/2 (; +} (1/2)0, 


i 


M 


The above expressions also serve as the definition of the three important 
2x2 matrices, the Pauli matrices o,, oy, o,. Check also that ot = ay = a 
= 1, oy, = —oy 0x = io,. The main point of this is, that it all came out of 
nothing: that nature has no preferred axis and the nature of the principle of 
superposition were the only assumptions invoked. 

However, we have made a very important hypothesis: We have assumed 
that the processes of production and detection are well separated and that in 
between one can talk of an amplitude that characterizes the object. This hy- 
pothesis has always been made (particularly in field theory) no matter how 
small the distance between the apparatus and the detector. It may turn out 
that it is not valid if these are too close together. 

Another important assumption was to disregard any dynamic interfer- 
ence: There are no forces between our producing and measuring apparatus 
at least that are not describable by transfer of our object between them. An 
amplitude for two independent events is then also the product of the ampli- 
tude for each separate event. 

Look at the example of the two stars A, B and the counters X, Y (Fig. 
3-6). If ag+, is the amplitude for the photon emitted at B to reach counter 
X and a A~y is the corresponding amplitude for the photon emitted at A to 
reach counter Y, then a = ag+, xa,a-+y is the amplitude for occurrence of 
both events. 


Rules of 
Composition of 


Angular 
Momentum 


A spin 1/2 state is characterized by two amplitudes. In general a = a,(1/2) 


+ a_(—1/2) where (1/2) stands for ic) (—1/2) for (‘). anda for (+). 


For instance, the solution of 
M,,a = (1/2)a 
corresponding to spin up along the x axis is 
a = (1/V¥2)(1/2) + (1/V2)(-1/2) 


Also, down in x, (1/¥V2 )(1/2) —(1/V2 )(—1/2); up iny, (1/V2 )(1/2) + (i/V2 ) 
x (-1/2); down in y, (1/V2 )(1/2) — (i/V2 )(—1/2). In fact, it can be shown 
that every state represents spin in some direction. 

Any system that has two complex numbers has an analogy in spin 1/2. 
For instance let us consider the polarization of light. Let x polarization be 
spin up and y polarization be spin down along an axis ¢ ina ‘‘crazy’’ three- 
dimensional space. The other two axes we label ¢ and 7. Then spin up 
along ¢ = 45° polarization; down, § = —45° polarization; up, 7 = RHC (right- 
hand circular polarization); down, 7 = LHC (left-hand circular polarization). 
If we draw a unit sphere centered at the origin of this space (Fig. 4-1), every 
state of polarization is represented by a point on it. 

A general direction corresponds to elliptical polarization. Passing light 
through a 1/4-wave plate is a certain rotation. The connection between the 
polarization of light and direction in a three-dimensional space was ex- 
ploited long ago by Stokes. It is very useful to understand certain processes, 
for example, masers. (The maser is a device using a system, the ammonia 
molecule, making transitions between two states under the influence of elec- 
tric fields. Its analysis can be more easily understood by representing the 
state of the ammonia molecule at any time as a direction in some three- 
dimensional space, analogous to the ordinary space for a spin-1/2- 
electron.) 
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i 
up 
—45° 
LHC RHC 
> n 
45° ieee 
FIG. 4-1 


Rules of Composition of Angular Momentum. Consider an apparatus that 
produces two particles which we label A and B. Suppose particle A has spin 
1 and exists in three states with m = +1, 0, —1; and that particle B has spin 
1/2 and exists in two states with m =+1/2 and -1/2. For each of A’s three 
states, B can have two, so there are six possible states of the two particles 
together. 

We may be thinking of an electron revolving around a nucleus. How do we 
characterize the combined system? We have matrices Ma and Mg which 
operate on the states ~a and yg. Then 


(1 + i&Mz)pap = (1+ i€M, , ya(l + 1©Mz 3) 
1+ ig(M, , + M,,) dads 


ort 
M, = Mz, + Mig 


The states of the combined system are given in Table 4-1, There are six 
states and one could jump to the conclusion that j= 5/2. However, there is 
no value of m = +5/2 and also m = +1/2 appears twice. 


Actually M? = (M, + Mg 2 has two values for j: 
j=3/2 m=83/2, 1/2, — 1/2, -3/2 
and 


j=1/2 m=1/2, -1/2 


TMore precisely M, = M,, Ip + M,,1a where I, and Ig are the identity 


matrices for states A and B. 
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TABLE 4-1 
ma mg m 
1 1/2 3/2 
0 1/2 1/2 
1 -1/2 1/2 
0 -1/2 -1/2 
-1 1/2 -1/2 
-1 -1/2 -3/2 


Clearly the state j= 3/2, m = 3/2 is (+ 1)(1/2). But which state corre- 
sponds to j = 3/2, m = 1/2? Recall 


M_(m) = [jj + 1) — m(m — 1)]'?(m - 1) 


We have 

M_ = M4 + MB 

M_(1/2) = (-1/2) 

M_(-1/2) = 0 

M_(1) = v2 (0) 

M_(0) = ¥2 (-1) 

M_(-1) = 0 
Then 

M_(1)(1/2) = ¥2 (0) (1/2) + (1)(—1/2) 
and 

M_(3/2, 3/2) = V3 (3/2, 1/2) 
Therefore, 


(3/2, 1/2) =(V2 /V3)(0) (1/2) +(1/¥3)(1) (—1/2) 


The state (1/2, 1/2) is obtained by forming the linear combination of (0)(1/2) 
and (1)(—1/2), which is orthogonal to (3/2, 1/2). We obtain the results given 
in Table 4-2. 
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TABLE 4-2 
m j = 3/2 j=1/2 
3/2  (1)(1/2) 
1/2 (2/V3 (0) (1/2) + (1/V3 )(1)(-1/2) (A/V3-)(0)(1/2) — (2/V3 (1) (-1/2) 
—1/2  (2/V3 \(0)(-1/2) + (-1)(1/2) -(1/V¥3 )(0)(-1/2) + (2/V3 )(-1) (1/2) 
-3/2 (~1)(-1/2) 


More examples: Add two spin = 1/2 states (Table 4-3) under exchange of 
spins. Now add two spin = 1 states (Table 4-4). For the addition of two equal 


TABLE 4-3 
ea j=l j=0 
(symmetrical) (antisymmetrical) 

Ee AUee)et2) (1N2)(1/2)(-1/2) 

0 (1/V2)(1/2)(—1/2) + (1/V¥2)(-1/2)(1/2) { ~ (a /AfByt-1/2)(1/2) 
—1 (-1/2)(-1/2) 

TABLE 4-4 
j=2 j=l 

eS (symmetrical) (antisymmetrical) 
2 (+141) 

1 (1/V2 ){(+1)(0) + (0)(+ 1)] (1/V2 JE (+ 1)(0) — (0)(+ 1)] 
0 (1/V6 )(+1)(-1) + (-1)1)+2(0)(0)1 A) E@ 1)(-1) - (FE 1) 
-1 (1/V2 )(-1)(0) + (0)(-1)] (12 )[(0)(-1) — (-1)(0)] 
-2 (-1)(-1) 

j=0 

(symmetrical) 

2 

1 

0 (1/¥3 E(1)(-1) + (— 1) 1) — (0)(0)] 
~1 
~2 


angular momentum the biggest state is symmetric, the next antisymmetric, 
and so on. 


Problem 4-1: Consider the addition of three spin = 1 angular mo- 
menta. Find the completely symmetric states. What total angular mo- 
menta occur? 


Relativity 


You are all familiar with the Lorentz transformation. For motion along 
the z axis the transformation equations between two Lorentz frames are 


2’ = (z-vt)/(1—v’)!/? = z coshu—t sinhu 


t’ = (t—vz)/(1—v4!/? =t cosh u—z sinh u 


where we have put c = 1 and introduced the quantity u (called ‘‘rapidity’’ 
by the experts!) 


tanh u =v/c 


Note the equivalence of the second form of the transformation equations 
to a rotation through some imaginary angle. For transformations in the 
same direction rapidities are additive, i.e., if the rapidity between systems 
1 and 2 is u, between 2 and 3 v, then the transformation from system 1 to 3 
is characterized by the rapidity w =u +v. Transformations for different 
directions do not commute. The set of all Lorentz transformations (includ- 
ing rotations) form a group. 


Problem 5-1: Suppose there exists an object with spin 1/2 in three 
dimensions; or consider a more-general state described by 


= Col [aj, ag, --., ay] 


What happens to a under Lorentz transformations? 
Hint: What happens under rotation is the same as before. If you have 
time, also consider the problem of normalization. 


Recall that the quantity t? -x?—y*—z? is invariant. We introduce the fol- 


lowing notation: x, is the vector with components x4=t, X;=x, X,=Y, X3=Z. 
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If the vector ay = (aq, a4, 42,43) transforms like Xi then we call a, a four- 
vector. For example p, = (E,p) is a four-vector, with 


’ = (E-vP.)/(1-v’)!/2, ete. 


The four-dimensional invariant scalar product of two four-vectors ay» 
by, is 


a:b= ay dy = ayby —ayby — agbe — agby 
Introduce the quantity 


Ony = 1 p=av=4 


Note that Sny ay = ay. Also we define 
Vy = (0/at, -V) 


A useful invariant is p‘p = E? - p-p =m”. The skillful use of invariants 
in calculations often avoids making a Lorentz transformation. As a simple 
example, we consider p-p scattering: What is the minimum energy neces- 
sary to produce a proton-antiproton pair? 


(E,p) (M,O) 
e * 7 before (in the laboratory frame) 

p. 9 8) after (in the center-of-mass frame) 
Pp p 


E=4M p=0 


We have &” —p* = (4M)*. Hence (E+ M)? — p?= 16M?, giving E = 7M. 
Thus the necessary kinetic energy is 6M & 5.6 bev. 

Waves. We know that a particle with energy-momentum p, has associ- 
ated a wave =u exp (—ip, X,) = u exp [-i(Et-—p:°x)]. It is at once apparent 
that the phase of the wave is invariant under Lorentz transformation. This 
was, in fact, how DeBroglie found the relation between energy momentum 
and wavelength frequency. Problem 5-1 was to find how u transforms. 

Note that 


Vu = —iPye 
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Positive and Negative Energies. The equation E? = m? + p” has the two 

Solutions 
E=4(m?+ p?)'” 

It is a remarkable fact that we must take both solutions seriously. We find 
there are particles described by both the positive and negative frequency 
solutions. For E>0, g~exp(-iEt); for E=-—-W, W>0, g~exp(iWt). These 
two cases correspond to particles and antiparticles, respectively. 

Represent the scattering of a classical particle by a space-time diagram, 
Fig. 5-1. (The shaded area represents the presence of an external potential 
that scatters the particle.) 


FIG. 5-1 


Now suppose for a moment what would happen if the trajectories (or 
rather, in quantum mechanics, the waves) could go backward in time! Such 
a situation is shown in Fig. 5-2. Conventionally, this process appears as fol- 


FIG. 5-2 
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lows (see Fig. 5-3): For t < t, there is only the incident electron. At t; an 
electron-positron pair is created by the external potential. At t, the posi- 
tron annihilates the incident electron, so that for t >t, we have only the 
scattered electron. Instead we prefer to generalize the idea of scattering, 
so that the electron is considered to be scattered backward in time from ty, 
to tj. Then the conventional positron becomes an electron going backward in 
time. The two ‘‘double-scattering’’ processes then differ only in the time 
order of the successive scatterings, as we follow the electron along its world 
line. (One might think that this interpretation would imply that one could get 
information from the future; however, the full analysis shows that causality 
is not violated.) 


(a) (b) 
FIG. 5-3 


Now we shall see how this viewpoint straightens out the difficulty of neg- 
ative energies. We shall speak of initial (past) and final (future) states. We 
introduce the notion of entry and exit states (which have nothing to do with 
time). In the matrix element y*M¢q, ¢ is the entry state and x the ext 
state. To determine entry and exit states we follow the world line of the par- 
ticle even if we have to go backward in time. Considering the positron in 
Fig. 5-3, we see that for the exit state for scattering at t, we must use the 


initial state of the positron. For example, the matrix element for electron 
scattering is 


* 
J V tinal MVinitial AV 

while that for positron scattering becomes 
J Prnitial M Prine IV 

The complete rule is thus: 


Electrons: entry state in the matrix element is the initial state, and exit 
state in the matrix element is the final state; 
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Positrons: entry state in the matrix element is the final state, and exit 
state in the matrix element is the initial state. 
As a testing example: Suppose an electron gives up some energy to the 


matrix machinery, E; = E, + w > E,. Then the matrix element has the time 
dependence 


exp (iE, t) exp (iwt) exp (—iE; t) 


[so we have shown that M varies like exp (iwt) if it extracts energy]. 
Now consider the positron case: exp (-—iEt) = exp (iWt). If the positron is 
treated in the old way (wrong!) the time dependence is 


exp(—iW,t) exp (iwt) exp (iW; t) 


or W,;= W, + w, i.e., the process creates energy! 
But according to our correct prescription we should have 


exp (—iW, t) exp (iwt) exp (iW, t) 


so that W; = W;+w and the energy extracted by the M machinery shows as 
a loss to the positron, as we should like. 

We can take more complicated cases: For example, the amplitude for an- 
nihilation of a pair is 


* 
(1) i ? initial positron M initial electron dv 


while the amplitude for pair creation is 


* 
(2) if ? final electron M Pinal positron dv 


It is easy to see that if M is energy absorbing, in (1) it soaks up all the 
energy while (2) gives zero, etc. 


The first interpretation of the negative energy states was given by Dirac, 


+m 
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who invoked the exclusion principle to prevent electrons from falling down 
to the negative energy states (Fig. 5-4). According to his picture, all nega- 
tive energy states are filled up to —mc”. This infinite sea is then unobserv- 
able. But we can see bubbles in the sea, i.e., the absence of an electronfrom 
a negative energy state. This bubble is then a positron. 

For example, consider positron scattering: How could a positron get toa 
different state? An electron fills the initial hole, leaving a hole (positron) in 


the statet from which the electron jumped (Fig. 5-5). The matrix element 
for this process is 


J ? tnitial M Final qv 
which is the same result that the time-reversal argument gave. 


0 


~m 


initial final 


FIG. 5-5 


There is a slight advantage in our formulation in that you do not have to 
deal with an infinite sea of electrons. But for bose particles, you could not 
fill the sea in a million years. It took eight years after the discovery of 
quantum mechanics before the Klein-Gordon equation was properly handled 
by Pauli and Weisskopf. Their prescription for interpreting the negative 
energy states of bosons was completely different from Dirac’s theory and 
involves ideas of second quantization (Pauli and Weisskopf*). But their in- 
terpretation is again only equivalent to our rule that antiparticles simply 
reverse the role of entry and exit states. 

(Lectures 6 to 14 are essentially the contents of an unpublished review 
article on strange particles by R. P. Feynman and M. Gell-Mann.) 


TBut, of course, having energy —E = W and momentum —p. 


EKlectromagnetic and 
Fermi Couplings 


We want to describe how we stand today in the age-old attempt to explain 
all of nature in terms of the working of a few elements in infinite variety of 
combinations; in particular, what are the elements? The many unexpected 
results of high-energy experiments have revealed the incompleteness of our 
knowledge of these elements. We shall describe those theoretical ideas 
which have been most useful in partially sorting out this material. We shall 
concentrate on the ideas themselves and shall not have time to discuss care- 
fully their origin or the history of their development. Furthermore, we can 
only describe how things seem at present. Every sentence might be prefaced 
by: Of course it might turn out to look quite different, but .... We are well 
aware of the fragility and incompleteness of our present knowledge and of 
the manifold of speculative possibilities, but the exposition becomes awk- 
ward if we must continually refer to them. This is a survey of work from 
all over the world and not a report on any new contribution by the authors. 

All the multitude of forms and the varieties of behavior of matter seem 
to be describable in terms of a limited number of fundamental particles in- 
teracting in definite ways. They obey the general principles of quantum me- 
chanics and the principle of relativity. According to these principles, those 
of quantum field theory, there is nothing else besides particles. They have 
the intrinsic properties of rest mass and spin and a relation among one an- 
other described as coupling. 

The Electromagnetic Coupling. Light, as an example, is represented by 
a particle, the photon of rest mass 0, spin 1. The emission of light by an 
excited atom is represented as the result of a fundamental coupling, or 
process e—e,y (e for electron, y for photon) meaning that there is a pos- 
sibility (described more precisely by a mathematical quantity, an amplitude) 
that an electron may ‘‘become’’ a photon and an electron; the precise law of 
this coupling (how the amplitude depends on the directions of motion and 
spin of the particles concerned) is known very accurately (at least for en- 
ergies less than 1 gev). When an electron in an atom does this, light is 
emitted by the atom. Each process implies its reverse at a corresponding 
amplitude; the arrows should be double-ended. The reverse occurs in light 
absorption. 
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e 
e+ ey e <7 (6-1) 
Y 


These relations are represented either by a double arrow, or by a diagram, 
the lines representing the particles coming in or out. The diagram is writ- 
ten to the right of Eq. (6-1). 

A single free electron cannot emit one photon because of conservation of 
energy and momentum, but if two electrons are near one another, one may 
emit a photon which the other immediately absorbs. Quantum mechanics 
permits the temporary existence of states, which, if maintained, could not 
conserve energy. The penetration of a barrier in a decay of radioactive ele- 
ments is a well-known example. The effect of this photon exchange we rec- 
ognize in an interaction between the electrons, that is, as the electrical 
inverse-square repulsive forces. Thus all electric and magnetic forces 
among electrons, as well as the emission, scattering, and absorption of ra- 
dio waves, light, and X-rays by electrons are described precisely and in 
detail by the simple law (6-1). The analysis of all this is called quantum 
electrodynamics. 

A process only occurring by means of a temporary violation of energy 
conservation is called a virtual process. The diagram for electron interac- 
tion via virtual photon exchange is 


e,e+— e,e indirect (6-2) 


e e€ 


Only the real particles are represented by open-ended lines (two electrons 
in and out), the virtual photon has both its ends tied by the fundamental cou- 
pling (6-1). 

Actually there is another principle, related to reversibility in time—that 
there are antiparticles to all particles. (For some neutral particles, like the 
photon, the antiparticle is the same as the particle.) The laws for this can 
be got by putting a particle on the other side of an equation and changing it 
to an antiparticle. The antielectron is the positron, so (6-1) implies 


and in fact the laws of pair annihilation and creation are also completely 
specified by (6-1). Putting the photon on the other side of (6-1), e,7 + e 
only represents the same equation (6-1) again, for in fact the photon has no 
antiparticle, or more precisely the antiparticle to a photon is again a photon. 
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Other fundamental particles also couple with a photon; for example, if p 
represents a proton we have 


p 
po By rel (6-3) 
Y 


All particles that do so are called ‘‘charged.’’ There are two remarkable 
laws about the numerical value of the charge e, neither of which is well un- 
derstood. One is that all fundamental particles carry the same amount of 
charge (but it may be plus or minus). The other is that all other couplings 
are such that the total charge of all the particles in any reaction can never 
change. Finally the value of the charge e is measured in dimensionless 
form by the ratio e’/fic = 1/137.039. The value and origin of this number, 
which measures what we call the strength of the interaction (6-1) of elec- 
tron with photon, are also mysterious. Its size has been determined empir- 
ically. Because 1/137 is a small number we say electrodynamics is a fairly 
weak interaction. 

Fermi Couplings. Beside electrodynamics there is another even weaker 
coupling, Fermi coupling, required to account for the B decay of nuclei. For 
example, the decay of the neutron n into proton, electron, and antineutrino 
n-—p,e,p is taken to be the direct result of a coupling 


n p 


pn Si v,e aa (6-4) 


which we shall calla Fermi coupling. It is also often called the weak inter- 
action. Another example of Fermi couplings is the decay of the muon p, a 
charged particle just like an electron, but having mass 208.82 1 times as 
much,p—-e+p +p, 


oat va 
Dp Vie (6-5) 
- 


A third Fermi coupling is responsible for muon capture by nuclei p + p— 
n+p, 
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v Va (6-6) 


Others are undoubtedly involved in the slow decay of the strange particles 
that we shall discuss later, 


Fermi Couplings 
and the Failure 
of Parity 


Remarkably, the strength of the coupling for each of the three examples 
alone seems to be equal. It is measured by a constant G satisfying GM?/fic 
= 1,01 4+ 0.01 x 1075, where M is the mass of the proton, included to make 
a dimensionless ratio. It is seen to be very small; the coupling very weak. 
The only couplings known for the neutrino (rest mass 0, spin 1/2) are Fermi 
couplings, so the interaction with matter of this particle is very small and 
its direct detection extremely difficult. 

The detailed form of this Fermi coupling was established in 1957. It is 
remarkable in being the only one that violates the principle of reflection 
symmetry of physical laws (also known as the law of conservation of parity). 

It was believed for a long time that for each physical process there ex- 
isted (or could, in principle, exist) the mirror-image process. Consequently 
the distinction between right and left handedness was thought to be relative; 
neither could be defined in an absolute sense. Of course, we must leave out 
historical effects (for instance, the sense of rotation of our planet), because 
these correspond to a particular choice of initial conditions. If we radioed 
to an inhabitant of a different galaxy the most detailed instructions to con- 
struct a certain apparatus, he might end up building the mirror-image ap- 
paratus, since we could not communicate to him what our convention for 
right and left is. All experiments involving electromagnetic or nuclear 
forces completely supported this view. 

This idea had in quantum mechanics the consequence of a property, called 
parity, of a state. Suppose that an apparatus produces an object in the state 
gy while the mirror-image apparatus produces the mirror object in state y’. 
The principle of superposition requires that 


p= Pe 
where P is a linear operator. But 
Py' = @ 


within the phase factor. Therefore p? = 1; and there are only two possible 
states: 
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reflection ; 
= +O even parity 


> -¢— odd parity 


The principle of reflection symmetry requires that a system remain ina 
state of a given parity for all times. 

In early 1957, however, at the suggestion of Yang and Lee, a series of 
experiments in 8 decay were performed which violated this principle. Con- 
sider the Co” experiment shown in Fig. 7-1. The Co” spin was aligned at 


mirror 


FIG. 7-1 


very low temperatures in a magnetic field and the angular distribution of the 
emitted electrons observed. In turned out that the electrons came preferen- 
tially backward with respect to the Co®? spin. The mirror-image experiment 
indicates, however, that the electrons are emitted preferentially forward 
with respect to Co” spin. It is therefore a physical process that cannot ex- 
ist in our world. It seemed at last that we could radio our man in outer 
space how to distinguish right and left. We tell him to align some Co and 
define the direction of the magnetic field so that the electrons come out 
preferentially backward. But what if our fellow is made of antimatter, uses 
anti-Co™, and observes positrons? At present our belief is that he will come 
up with the left-hand rule. That is, we think the mirror image is a possible 
world provided we also change matter into antimatter. Then, the positrons 
of anti-Co® would be emitted parallel to the magnetic field. 

Gravitation. In addition to these couplings there is one other, even- 
weaker, gravitation. The laws of gravitation, very satisfactorily known in 
the classical limit, have not yet been completely satisfactorily fitted into the 
ideas of quantum field theory, but presumably if it is done, there will be a 
particle (graviton, 0 rest mass, spin 2) coupled universally to every particle 
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with a coupling constant so small that the gravitational force between elec- 
trons is 107° times the electrical force. 

Nuclear Forces. Besides these weak couplings, gravitation, Fermi cou- 
pling, and electrodynamics, there must be some very much stronger. The 
forces binding neutrons together in the nucleus are much too strong to be 
explained otherwise. It is these strong couplings and the particles exhibiting 
them, which we wish now to discuss. There is no strong coupling to electron, 
muon, and neutrino (collectively called leptons or weakly interacting parti- 
cles) nor to the photon or graviton. The particles that exhibit strong cou- 
plings are called ‘‘strongly interacting particles’’ and consist of the hyper- 
ons (among which are the neutron and proton) and the mesons. (The muon 
is technically not considered to be a meson.) 

The force that holds the electrons around the nucleus is, of course, sim- 
ply the electric attraction resulting from the virtual photon exchange be- 
tween proton and electron implied by combining (6-1) and (6-3). But the nu- 
cleus is composed of neutrons and protons held together by a strong attrac- 
tive force between them. 

This nuclear force has been studied very carefully by studying nuclei 
and by scattering neutrons and protons by protons. It turns out to be not 
only much stronger than electrical force but also very much more compli- 
cated. In fact, except for one little unexpected thing, it turns out to be al- 
most as complicated as it can be. Instead of the inverse-square force, itis 
a very strong repulsion at short distances, an attraction at somewhat larger 
distances falling rapidly to zero beyond 10~'* cm. The force depends on the 
relative spin directions of the p and n, and on the relation of these spin di- 
rections to the line joining the two particles. It even depends on the velocity 
of the particles and its relation to the spin direction (spin-orbit interaction). 
But, the one little unexpected thing: The force between p and p, that be- 
tween p and n, and that between n and n all seem to be practically equal. 
Of course there are also electrical forces between p and p that do not have 
a counterpart in p and n, but when these are allowed for, by saying the to- 
tal force is nuclear plus electrical, as nearly as we can tell the nuclear part 
of the p,p force, the p,n force, and the n,n force are all equal, when the 
particles are in corresponding states. 

Isotopic Spin. Thus the origin of the strong nuclear forces has some kind 
of symmetry (called isotopic spin symmetry) of such a kind that it is irrele- 
vant whether a particle is a proton or neutron. Even the small rest mass 
difference between neutron and proton most likely is the mass associated 
with the electromagnetic field surrounding these particles. 

We learn our first lesson. Strongly interacting particles come in sets. 
The nucleons are a set of two, proton and neutron. We say the single nucleon 
has two states, the proton and the neutron. These states have the same en- 
ergy. It is analogous to the two spin states of an electron spin ‘‘up’’ and 
‘‘down’’ along some axis, which states have the same energy if no magnetic 
field is present. 
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In fact because the quantum mechanics of a two-state system is so thor- 
oughly known to theoretical physicists from a study of a spin-1/2 system, 
they like to make full use of the analogy and to say the two states of the nu- 
cleon represent the ‘‘up’’ and ‘‘down’’ states of an object of spin 1/2 in an 
imaginary three-dimensional space. This space is called isotopic spin 
space. We say the nucleon has isotopic spin 1/2. The equality of the forces 
results from the hypothesis that the direction of the axis can be taken to be 
in any direction in isotopic spin space. In ordinary space this possibility of 
choosing the axis arbitrarily has a consequence the conservation of angular 
momentum. The strong couplings then satisfy a corresponding law, the law 
of conservation of total isotopic spin. 

Since a particle of spin 0, 1/2, 1,3/2,... has 1,2,3,4,... states, respec- 
tively, when we find that say three particles form a set, we say it has iso- 
topic spin 1, etc. Then we can use the known laws of combining states of 
different angular momenta, to determine how these particles may be cou- 
pled to each other to preserve the symmetry between proton and neutron, 
or more generally, as we say, to preserve isotopic spin symmetry. 

This applies only to the strong couplings; the isotopic spin conservation 
is destroyed by weak interactions like electrodynamics. A proton and a neu- 
tron have, of course, completely different couplings to a photon. 

The Pion-Nucleon Coupling. To give an example of these ideas, suppose, 
as Yukawa suggested, that the nuclear forces are the result of a process 
analogous to (6-2) but instead of the electron there stands a nucleon and in 
place of the photon there is another particle. Let us try to do this. Suppose 
there is a fundamental process analogous to (6-1), such as 


n 
1* 


where 7* stands for a positive pion, a new particle, carrying positive charge 
to keep the law of conservation of charge intact. Now there would be a force 
between a proton and neutron by the virtual transfer of a 7*: 


(Incidentally the p and n get exchanged, so it is called an exchange force.) 
Between two protons Eq. (7-1) can also make a force by exchanging two 
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pions. But the force from the exchange of two cannot give the Same answer 
as the force resulting from the exchange of one. So there must be some way 
for two protons to exchange one pion. There must be a neutral pion anda 
process like 


— eer 
p p.° p ~ (7-2) 


s7° 
and also for neutrons, 
n 
n+—-n,T° n ee 5s (7-3) 
SSQ 
~~ 1° 


After some trials it is found that if (7-1) is true, (7-2), (7-3), and (7-4) are 
all necessary, but the amplitude (the analogue of electric charge, but for 
pion couplings) for (7-1) and (7-4) must both equal ¥2 times (7-2) and that 
of (7-3) equals (7-2) but of opposite sign. Then one can show that the sym- 
metry of nuclear forces pp = pn = nn will remain true in all circumstances 
and no matter how many pions are exchanged: 


p 
n+ p,1 n ee (7-4) 


Pion-Nucleon 
Coupling 


We assume the three fundamental interactions 


n p n 


(1) (2) (3) 


where a, b, and c are the amplitudes for processes (1), (2), and (3), re- 
spectively, and we want to determine the coupling constants a, b, and c 
which give rise to the symmetry in nuclear force (p,p) = (n,n) = (p,n) when 
they are in corresponding states. In lowest order we have the processes 
of Fig. 8-1. We must therefore have be + a? = b’=c?. If b=c a=0 

there is no interaction between the charged m and nucleons contrary to ex- 
perimental fact. Consequently, 


b=-c a= (2b)!/? 


The choice a = ~(2b)!/2 corresponds to a different definition of the ™-meson 
phase, which is arbitrary anyway. 

But this result is also easily gained another way. If we have a triplet 
pion (m*, 7°, 7) it is isotopic spin 1. In the reaction N+*N +7 (we repre- 
sent a nucleon, neutron, or proton by N) the left side, a single nucleon, has 
isotopic spin 1/2. The right side has six states (pm*)(pm°) (pm )(nm*) (n7°) (nt) 
but these may be analyzed into a doublet and quartet, for we combine an iso- 
topic spin 1/2 nucleon and an isotopic spin 1 pion and can make up isotopic 
spin 1/2 and 3/2. If isotopic spin is conserved in strong couplings, the state 
on the right must be isotopic spin 1/2, too, and by analogy to laws coupling 
angular momentum we deduce 


p+— (p,m?) + V2 (n,7*) (8-1) 
n+— (n,7°) + V2 (p77) (8-2) 
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p p 
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(n,n) eta =le c? 
n n FIG. 8-1 


+That we must add the amplitudes in the first process is somewhat 
tricky. To compare the (p,n) with the (p,p) and the (n,p) systems we should 
have considered a (p,n) state that is symmetric under the exchange of 
labels. We have 


p n n 
Pe 4 Pe Pa 
Te T° 
Py P3 Py P3 
p n n p 
n p p n 
Pa Pe Pa Pe 
me se 
Py P3 Pi P3 
p n p 


which correspond to transitions between the same initial and final states in 
both cases, and according to our rule the amplitudes must be added. 
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where the coefficients give the amplitude of each state. Probabilities are 
the square—so if a nucleon and pion are in a state of isotopic spin 1/2 of 
plus charge, the odds are 2:1 to be n and m* rather than p and 7°. 

These a mesons, or pions, have indeed been found. They have 0 spin. 
The 7* and m have equal masses 276 times the electron, while the m° dif- 
fers only slightly, 268 times the electron. The difference is probably sim- 
ply the additional electrical energy of the charged pions. All the implica- 
tions of isotopic spin symmetry regarding the coupling coefficients have 
been verified, if corrections for electrodynamics are included. 

Is the nuclear force correctly given now from the exchange of pions be- 
tween nucleons? This brings us to a new serious matter. We are unable to 
calculate, with any precision, the consequences of a strong coupling! So we 
cannot calculate the nuclear force directly and see if it agrees with the hy- 
pothesis of the couplings (8-1) and (8-2). We saw that there were forces re- 
sulting from the exchange of one, or of two, and of course of three or more 
pions. It is easy to calculate the force from one exchange, a bit harder for 
two, etc., but we do not know how to do the sum at all well. In electrodynam- 
ics there is also a force from the exchange of one, two, etc., photons, but 
the amplitude contributed by a diagram containing an extra photon is e’/tic 
or 1/137 times as large. Thus the dominant contribution is one photon ex- 
change, with only a few percent correction for two photon exchange, etc. 
We thus work out a series of rapidly decreasing terms (called a perturba- 
tion expansion). But for the mesons the coupling constant g corresponding 
to e of photon coupling satisfies g*/fic = 15. This is very large, justifying 
the term ‘‘strong’’ coupling, but also forbidding the perturbation expansion. 

A great deal has been done by invoking over-all theorems, isotopic spin 
symmetries, and dispersion relations (relations connected to the principle 
that signals cannot travel faster than light, which we cannot consider here). 
Suffice to say that at present it is not possible to calculate most things in- 
volving strong coupling. A serious problem is holding up the analysis of 
these couplings. There are even serious doubts that a strong coupling is a 
logically consistent possibility in quantum field theory. 

Indirect Interactions. To take an example of the kind of problem involved, 
consider the interaction of neutrons and photons. Experimentally there is 
one; the neutron has a magnetic moment, known to a few parts per million. 
But we may still assume there is no direct neutron-photon coupling. For, 
by (7-4), the neutron can transform to charged particles in a virtual state, 
and thus indirectly interact with photons. One possibility is represented by 
Fig. 8-2 but there are many more diagrams involving more virtual mesons. 
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We are unable to calculate the moment and thus cannot use the beautifully 
precise measurement as a test of our theories. All we can do is explain 
qualitatively the electrical and decay properties of pions and nucleons by 
such intermediate processes. 

The charged and neutral pion differs markedly in their disintegration 
properties. The 7° disintegrates very rapidly (< 10715 sec) into two photons, 


w—~yty (8-3) 


We cannot argue that isotopic spin symmetry implies an analogous reaction 
for the 7*. In fact, it is impossible because of conservation of charge. But 
(8-3) can be an electromagnetic interaction and thus isotopic spin symme- 
try is lost for this. We may hope to explain (8-3) as a result of the passage 
through a virtual pair of proton and antiproton: 

y’ 


m—~pt+p—-p+p 


+ yl y" +y! 


Y “ 


The first coupling is strong, a consequence of (7-3), next, one p emits a pho- 
ton, marked y’, by (6-3), then the nucleus annihilates, emitting the second 
y” via (6-3) again. (Two photons are necessary, or momentum and energy 
cannot be conserved at the end. As usual energy need not be conserved in 
the transient intermediate stages.) 

Unfortunately we cannot compute this rate either, because the first step 
involves strong interaction. The m* decays much more slowly. In 2.6x 1078 
sec mean life it disintegrates into a »* and », 


Tat yp (8-4) 
(As expected, the antiparticle 7~ has the same lifetime for disintegration 


into » and ».) 
This could be an indirect result through virtual states: 


We should also expect the disintegration 
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mt—n+pméetyp SSS (8-5) 


v 


Again, because a strong coupling is involved, we cannot compute the rates 
directly, but we are able to compute the ratio of the rate of (8-4) and (8-5). 
We expect to find év instead of gv as the products of pion disintegration in 
one case out of 7400. This has been recently confirmed experimentally (ac- 
curacy about +15 per cent). 


Strange Particles 


There are other particles strongly coupled to pions and nucleons. About 
7 or 8 years ago some new particles were discovered in cosmic rays. For 
example, there was (now called A) a neutral particle which disintegrated 
into a p and 7: 


A—ptr (9-1) 


It has, according to recent measurements a mass 2182 electrons and life- 
time 2.6 + 0.2 x 107'° sec. This is very slow compared to the times natural 
for strong reactions (10723 sec, the time for light to go between adjacent 
nucleons in the nucleus). Therefore, this decay is a weak reaction, probably 
related to B decay. If we limit ourselves to strong couplings, then we know 
there is not such a coupling as 


A+ p,T 


It is forbidden as a strong interaction [otherwise (9-1) would go very fast]. 

But then how are the A produced? The cosmic rays consist of fast pro- 
tons hitting nuclei that contain protons and neutrons and virtual pions via the 
strong coupling (6-4). The production of A is so copious experimentally that 
it must be via a strong coupling. It cannot be p+m7~ — A, for this is not 
strong, as we have seen. Nor can it be anything like p + n> A+ p, for this 
would imply A-+p+n+) is strong, and since p+n-—~7~ is strong by 
(7-4), reaction (9-1) would be strong. Nor is a reaction such as 


n+n+n—-A (9-2) 
possible. Because, even though (9-1) is weak, it does exist, and we would 
then have the possibility of three neutrons in a nucleus turning to one via the 


virtual reaction 


n+n+n—~A-pt+T—n 
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This would release a large energy, the rest mass of two neutrons, and no 
nucleus but hydrogen would be stable. The stability of matter like a piece of 
carbon is very striking; such delicate experiments to detect disintegrations 
have failed that we know what are commonly called stable nuclei have a life- 
time of at least 10” years. 

This leads us to another principle which we use in choosing couplings. No 
couplings must exist weak or strong, so that taken all together, nucleons can 
disappear or disintegrate into something lighter. Thus, since one proton is 
produced on disintegration of the A, just one nucleon must be consumed in 
its production. The easiest way to keep track of this is to give for each par- 
ticle the number of nucleons ‘‘hidden’’ in it; more precisely, the net number 
of protons that appear in its ultimate decay products (antiprotons counted as 
minus). This number still has no generally accepted name; nucleonic charge 
has been proposed. Thus the nucleonic charge of the A is 1, as is thatof p 
and n. Electrons or 7 mesons have 0 nucleonic charge, antiprotons have a 
nucleonic charge of minus 1. No fundamental particles are known that have 
nucleonic charge greater than 1. 

Then we have the principle that all couplings must satisfy the rule: Nu- 
cleonic charge is always conserved, 

Associated Production. K Mesons. Following arguments of this kind it 
became clear that in the strong production more than one strange particle 
must be produced at once (for example, n+ n—* A+ Aj. Actually other par- 
ticles had been discovered in cosmic rays, for example, a neutral particle, 
now called K° meson or neutral kaon, which disintegrates into two pions 


Ko —~ rt +77 (9-3) 


and has a lifetime of 107! sec. It has a mass 966 and, clearly, 0 nucleonic 
charge. Again we encounter a slow decay, presenting the same problem as 
the A with regard to its production. 

Pais and Gell-Mann suggested that they must be produced together and 
that the true production reaction was the result of a strong coupling 


A 


n=— A,K° a (9-4) 
Ke 


It has since been verified directly that these particles are produced at the 
time when nucleons collide. 

But a strong coupling like (9-4) for the proton would affect the nuclear 
forces (see Fig. 9-1). The balance of n,n and p,p forces then could not be 
maintained unless there was an analogous coupling for the proton. There 
does not appear to be any charged particle analogous (that is of nearly the 
same mass) to the A so we are led to expect a coupling 
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FIG. 9-1 


p~+ A,Kt (9-5) 


and there is indeed a charged counterpart to the K° found first in cosmic 
rays; a K* of mass 967. To put it in the language of isotopic spin (8-1, 8-2), 
the nucleon on the left side is isotopic spin 1/2, so if isotopic spin is con- 
served the total on the right side must be 1/2. The A is a singlet and so is 
an isotopic spin zero, so the K must be of isotopic spin 1/2, a doublet, 
coming in two varieties. 

Although its strong coupling (9-5) is the same as the K° in (9-4) and the 
decay [analogous to (9-3)] 


Kt — 7*4+ 7° 


does occur, the lifetime of the K* is 1.2x 1078 sec, very much longer than 
the K°, a reminder that the weak decays do not maintain isotopic spin sym- 
metry. 

There were still other particles discovered in cosmic rays in a confusing 
profusion. The clue to organizing this material was to formulate this idea, 
that the strong couplings involve such particles in pairs, in terms of a new 
principle. 

Strangeness. Let us suppose that the K° is considered to carry some 
new kind of charge, which nucleons and pions lack, and suppose this charge 
cannot be created or destroyed in strong couplings. Then a single K cannot 
be created by strong interactions, but if the A is considered to carry a neg- 
ative unit of this charge, its creation along with the K is allowed. This 
charge has been called ‘‘strangeness.’? The K° and K* have strangeness 1, 
the A has strangeness minus 1, nucleons and mesons strangeness 0. Total 
strangeness on both sides of a strong coupling must balance. Strangeness 
may change via a weak coupling [as evidenced by the existence of (9-3)]. 

Following these ideas Gell-Mann and Nishijima were led, independently, 
to propose a scheme for organizing our knowledge of strange particles and 
to predict many relations among them. Using this scheme, analogous to the 
periodic table of the chemical elements, we shall describe the strongly in- 
teracting particles believed to exist today. 

Baryons. First we take the particles of nucleonic charge 1. These as a 
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group have been called hyperons. They are illustrated in Table 9-1. The ex- 
istence of the £° was predicted by this scheme. It was predicted that it 
would decay in an extremely short time to the A by photon emission. It was 
subsequently discovered and did just that. Mass near 2584, a doublet (T = 


—— 


1/2) =", %°, strangeness —2. The & or cascade particle was already known 


TABLE 9-1 
P F Ch 
Isotopic spin T = = ge mr; Strangeness 
1/2 om = -2 
1 - ° + 
z 3 > of 
0 A 
1/2 n p 0 
In order of their masses we find: 
Mass near 1836 a doublet (T = 1/2), the nucleons n,p 0 
Mass 2182 a singlet (T = 0), the A, neutral -1 
Mass near 2330 a triplet (T = 1), 27=° xt -1 


from cosmic-ray experiments. (It has recently also been produced in the 
laboratory by high-energy machines.) It decays slowly (about 3x 1071 sec) 
into a A and 7”. This could be explained easily only if it had strangeness 
—2. In fact, two K mesons have been observed to be created with it. That it 
should be a doublet is the consequence of a relation of strangeness charge 
and isotopic spin suggested by Gell-Mann and Nishijima: The strangeness S 
is twice the average electric charge q of each multiplet, minus the nucle- 
onic charge N. For hyperons then with nucleonic charge 1 itis S = 2q — 1. 
So the average charge of the = multiplet must be —1/2 since S = —2, and 
thus it must be a doublet. The predicted =° particle has recently been 
found. 

Antibaryons. With each of these hyperons there should be a corresponding 
antiparticle of nucleonic charge —1. Thus the chart for antihyperons is ex- 
actly the same, with particles of the same mass but of opposite electrical 
charge and opposite strangeness. Of these, the antineutron fi, the antipro- 
ton p, and, very recently, the antilambda A have been produced artificially 
in the laboratory. 

Mesons. Next come the strongly coupled particles of nucleonic charge 0 
(generically called mesons). They are given in Table 9-2. The m* and r- 
are antiparticles and the 7° is its own antiparticle. But since the kaons K*, 
K° have strangeness + 1, their antiparticles must have strangeness —1, and 
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in particular there must be two neutral kaons, of strangeness 1 and -1, 
respectively. 

These are all the particles generally accepted to exist at present. There 
are a very few cosmic-ray events whose interpretation remains puzzling 
and which may be evidence of still other particles. Furthermore, cosmic- 
ray evidence for the existence of particles of mass near 500 electrons has 
been found by one laboratory but other attempts to find these particles have 
failed so far. The existence of all but some of the antihyperons is well es- 
tablished experimentally. 


Problem 9-1: An experiment has been done on K capture in deu- 
terium: K + D—hyperon + pion + nucleon. The data given in Table 
9-3 are available. At present one cannot distinguish the A° from the 2° 

Can you test the principle of conservation of isotopic spin? 

Make as many predictions as you can, in particular for the results 
if A° and Z° could be distinguished. 


TABLE 9-2 
Isotopic spin T = ate = Strangeness 
1/2 K" Ke -1 
1/2 Ke Kt +1 
1 T™ T° nt 0 
In order of mass we find: 
Mass near 276 a triplet (T = 1) the pions 7~ 7° n* 0 
Mass near 965 a doublet (T = 1/2) the kaons K°, K* +1 
and their antiparticles (T = 1/2) the kaons K°, K~ -1 
TABLE 9-3 
Products No. of cases observed 
D*Na7 44 
DZ -Nr* 55 
x pre 7 
A° par7 
E° pre 48 (total) 
A° Nr? 


5° Nae 72 (total) 


Some 
Consequences 
of Strangeness 


The concept of strangeness and its conservation in strong interactions 
has led to a large number of predictions, none of which have been violated 
by experience. It has served very faithfully to help organize the experimen- 
tal material. These predictions are, for example, that whena A or £ is 
produced in nuclear collisions, a K° or K* must be also. Again, a produc- 
tion reaction such as n+n-*+A+A is impossible for the total strangeness 
of the two A’s is —2, and of the neutrons 0. 

As another example, K™ particles colliding with nuclei in flight may pro- 
duce A, but K* cannot do so. 

The Decay of The Neutral Kaon. One of the most strikingly brilliant pre- 
dictions of this theory of strangeness was made by Pais and Gell-Mann. It 
is related to the prediction that there must be two neutral K particles, hav- 
ing opposite strangeness, K°, and its antiparticle K°. Now the K° appears 
to decay into two pions, for example, the disintegration 


K° + nt +47 (9-3) 
is observed (lifetime about 10-10 sec). This violates strangeness, of course, 
as weak interactions do. The antiparticle should decay with the same prob- 
ability into the corresponding antiparticles 

Ke 47 + 1+ (10-1) 
The products in (9-3) and (10-1) are of course identical. This has, as a con- 
sequence, a very interesting quantum mechanical interference effect. The 
existence of (9-3) means that, even though it may be via complex virtual 
processes, there is some amplitude, x say, fora K° to become m*,7™: 


K° <— nt 17 amplitude x (10-2) 


Also, from the relation of particle and antiparticle, the amplitude for the 
antiparticle must be the same, 
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Ke <> at ,17 amplitude x (10-3) 


(Strictly it might have opposite sign, but either possibility leads to the same 
conclusion.) mn 

Now suppose we had gotten the particle ina state neither K° nor K°® but 
rather with equal but opposite amplitudes to be K° and K°; call the state K}: 


Kg = (1/V¥2 Ke - (1/¥2 )K° (10-4) 


(The amplitude must be 1/V2 because the probability (amplitude squared) 
is 1/2 to be K° and 1/2 to be K*.) Then the particle in this state Kj could 
not decav into t* and a~, for the amplitude for it to do so is (ave yx oa 
(1/V2 )x} = 0, from (10-2) and (10-3)! The state 


q = (1/V2)K° + (1/¥2)K° (10-5) 


could, of course, decay with amplitude V2 x. 

Thus the proper states to use to describe disintegration are Kj and K3, 
for the first may, and the second may not, decay into two pions. These two 
states will have very different lifetimes and disintegration products. (It 
turns out the Kj can disintegrate, for example, into three particles, and has 
a lifetime at least 100 times as )oug as the Kj going to two pions.) But when 
a kaon is produced, say along w.cha A, it has a definite strangeness —1; it 
is K°, and is neither Kj nor K3; 


° = (1/¥2)Kj + (1/V2)K3 (10-6) 


an equation immediately deduced by adding (10-4) and (10-5). 

The probabilities are thus 1/2 to be Kj? and 1/2 to be K3, the proper 
states for analysis of disintegration. Thus when the newly produced kaons 
disintegrate, only half of them should exhibit the short lifetime 107! sec 
and decay into two pions. The remainder should have a much longer life- 
time, 107° sec, and decay into three particles. That is, the remarkable pre- 
diction was made that the neutral kaon should exhibit two different lifetimes, 
with two sets of decay products. This has now been verified. A further as- 
pect has also been verified. Since the K° has strangeness + 1, it cannot pro- 
duce A in collision with nuclei. However, if we move far enough away from 
the source of a K° beam so that K? would nearly certainly have disintegrated 
(but not so far that a K$ would also disintegrate appreciably) the beam must 
become nearly purely in the state K}. But by (10-4) the strangeness is not 
definite now; there is an amplitude —1/V2 , and thus a probability 1/2 to be 
K° of strangeness —1. Then A’s can be produced by the kaon beam hitting 
nuclei. This A production has now been demonstrated experimentally. 

It may be asked, in an over-all way: How did the strangeness change 
from +1 on production to —1 further down in the beam? The answer is via 
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the virtual process (10-3) followed by (10-3) in reverse. The strangeness 
violation is via a very weak coupling x’, it is true, but the equality of mass 
of K° and K° makes a resonance possible, so that even the small amplitude 
for the process gradually builds up a large effect. 

This is one of the greatest achievements of theoretical physics. It is not 
based on an elegant mathematical hocus-pocus such as the general theory of 
relativity yet the predictions are just as important as, say, the prediction of 
positrons. Especially interesting is the fact that we have taken the principle 
of superposition to its ultimately logical conclusion. Bohm and co-workers 
thought that the principles of quantum mechanics were only temporary and 
would eventually fail to explain new phenomena. But it works. It does not 
prove it right, but for my money, the principle of superposition is here to 
stay! 


: Strong Coupling 
Schemes 


Given now the particles, hyperons, and mesons, and knowing that they are 
strongly coupled, the next problem is to find which are strongly coupled to 
which and in what manner. These couplings must satisfy conservation of 
nucleon number, charge, isotopic spin, and strangeness, but that is far from 
determining them completely. For example, what coupling does the 7 have 
besides the nucleon coupling (8-1), (8-2)? Is there a coupling A-> 2,7 and of 
what strength and kind, etc.? Again what is the law of coupling of the K’s in 
(9-4) and in reactions.such as N*—> 2,K or 2+ £,K? Even the spins of 
the particles are uncertain. Studies of the decay K*—* 1* + 1* + m7 indi- 
cate strongly that no angular momentum is carried out by the pions, so the 
kaon spin is probably 0. But the experimental evidence is incomplete on A, 
x, and &, although spin 1/2 is indicated for the A and 2. Probably the hy- 
perons all have spin 1/2, the mesons spin 0. 

Fermi and Yang Model. As an example of a host of models proposed to 
understand the strong interactions, I shall discuss an idea of Fermi and 
Yang. 

Suppose a neutron and a proton have a charge analogous to electrical 
charge but of the same sign, which couples them to a vector meson of very 
large mass. Then the np system would feel a short-range attractive force 
analogous to the longer-range electrical attraction ee. The n and p have 
together a mass of 2 x 938 Mev and we imagine that they are bound together 
very strongly, say, by about 1600 Mev. If the forces are right, the total an- 
gular momentum would he 0, the parity —1, and we obtain the m7: [np] = 77. 
Also, [pn] = 7*. Typical diagrams are of the form shown in Fig. 11-1, where 
the wiggly line represents vector-meson exchange. We also expect a pp and 
nn system. Which of these is the 1° ? 

We note that the pp and nn systems have additional diagrams (Fig. 11-2) 
which do not occur in the np and the pf cases. It turns out that the system 


{Because the pp and fin both have the same amplitude to annihilate, so 
the state (1/V2. )(Pp — fin) cannot annihilate. In judging whether it is an iso- 
topic spin triplet, one must remember to count n as —(1/2). 
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FIG. 11-1 


which has the same energy asa 7* and a m~ and does not annihilate is 
(1/V2)[pp — nn}) = 7° 


These form an isotopic spin triplet. The other state, 
(1/V2 (pp) + [nn]) = A° 


might not be bound or might have a different energy, perhaps higher, and be 
a new meson of total isotopic spin T = 0, which has not yet been observed. 
To get the remaining particles it is necessary to introduce at least one 


p p 


FIG. 11-2 
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‘‘fundamental’’ particle which carries strangeness. Choose the A. Then 
(Ap) = K 
(Ap) = K* 
(An???) = pte 


(AAP) ==" (AAn) = =° 


Strangeness is just the number of A’s! So you see, it is possible to 
imagine all the strongly interacting particles as composites of n, p, and A 
and deduce isotopic spin and strangeness conservation. 

I shall tell you my secret hypothesis: You cannot tell whether a particle 
is ‘‘elementary’’ or whether it is a composite of ‘‘elementary’’ particles. 
In other words, all the theories of composite particles would give equivalent 
results (if we could calculate them) and there would be no way to distinguish 
among these. 

If you have a system composed of particles of mass large compared to the 
total binding energy (nuclei, atoms) then it makes sense to speak of a com- 
posite system. But when the binding energy is a good fraction of the mass of 
the free particles it is incorrect to make a distinction between composite 
and elementary particles. How can this idea be more clearly stated and how 
can practical use be made of it? I don’t know. 

The theoretical proposals for the detailed scheme of strong couplings are 
all nearly entirely speculative. We shall give two others; one is the Gell- 
Mann! suggestion, called global symmetry. It proposes that all the hyperons 
would have the same mass and be various states of an eightfold multiplet if 
it were not for the K couplings. Two new states are formed by linear com- 
binations of A and £°; namely, Y = (1/V2 (A -—=°) and Z = (1/V2 (A+ =°). 
Then it is assumed that the form and size of the pion couplings are un- 
changed if, in the coupling, (8-1), (8-2) of the pions with n and p, the n,p 
are replaced by Y, 2*, or are replaced by 27, Z, or are replaced by =, =”. 
The kaon couplings that destroy this symmetry remain undetermined. 

The other suggestion is that the pions are coupled directly to the total 
isotopic spin vector, and this coupling is responsible for the A, Z splitting. 
The kaons couple between n, p andthe A,Z quartet, and between =7, =° 
and the A, = quartet in such a way as not to split the A, quartet (but the 
coupling to n,p and to =”, =° are with different coefficients). (In the no- 
tation of Gell-Mann,” we take gar= 0. Ena = 1/2; Say = Sze» Sex = Sax; 
and hs,x = hax.) The pattern of mass values expected in this scheme fits 
very well to that observed. Unfortunately critical tests of this hypothesis 
have not yet been found. 

There is a large experimental program on to determine production of 
kaons by nuclear collisions and by photons, scattering and interaction of 
these mesons with nuclei, etc. But just between us theoretical physicists: 
What do we do with all these data? We can’t do anything. We are facing a 
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very serious problem and we need a revolutionary idea; something like Ein- 
stein’s theory. Perhaps the results of all experiments will produce some 
idiotic surprises, and someone will be able to calculate everything from 
some simple rule. What we are doing can be compared with those compli- 
cated models invented to explain the hydrogen spectra which turned out to 
satisfy very simple regularities. 

One more thing about the question of strong couplings. There is also di- 
rect evidence that the A interacts strongly with nucleons. There exist hy- 
perfragments (a better name would be hypernuclei), in which a A is bound 
to a number of nucleons. For example, the hypernucleus aHe* has been 
found as a fragment resulting from the capture of a K™ by a nucleus. This 
hypernucleus consists of two protons, a neutron,and a A bound together. The 
A is bound by a few Mev. The system is unstable of course, for the weak de- 
cay (9-1) of the A provides a mechanism for disappearance of the A with re- 
lease of a pion and 37 Mev (or the pion may be virtual or recaptured and its 
rest energy appears as kinetic energy of nucleons ina star). From a study 
of these hypernuclei we may eventually get information on the A-nucleon in- 
teraction force. At any rate, it is nearly as strong as the nucleon-nucleon 
interaction. For further details see the review article by Dalitz.® 

Additional evidence on these strong couplings should eventually come 
from a study of their relation to weak couplings. For example, magnetic mo- 
ments and electromagnetic mass differences, as well as the relative rates 
of various weak decay processes must tell us something about the structure 
of the strongly interacting particles. Yet the theoretical analysis of all this 
evidence related to strong couplings is severely crippled by the inability to 
make quantitative calculations with such couplings. 


Decay of 
Strange 
Particles 


We next turn to the evidence on the weak decay of these particles. The 
experimental information on masses and decay properties of all the parti- 
cles is given in Table 12-1. We are concerned here only with the decays of 
hyperons and mesons. Two of the decays clearly are the result of electro- 
magnetic couplings (in association with virtual states implied by strong cou- 


TABLE 12-1 
Products Ratio, % Lifetime, sec 
n—-ptet+yp 1040 
Am pta- 63 +3 2.6 x 10710 
n+ 7° 37 +3 
zt— p+ 7? 46 + 6 0.8 x 10710 
n+ 5446 
loa nt a 100 1.6 x 10-10 
E> Ato ? = 1078 
ri ptty 100 2.56 x 1078 
et+ yp 0.013 
Kt— pt + p 59 42 1.22 x 1078 
awt+ 7° 26 + 2 
mrt att am 5.7 + 0.3 
T+ no +78 1.74 0.3 
T° +et+yp 4.2 + 0.4 
Tmo +ptt+ vp 4.0 + 0.8 
Kj — t+ 07 78 +6 1.0 x 10710 
T° +7? 22 +6 


pling), the 7° —y +y andthe 2°—A+y. These are also the only ones 
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allowed by conservation of charge and the principle that electromagnetic 
couplings cannot alter strangeness. 

The remaining decays all have lifetimes of the same general order of 
magnitude. It is believed that they are all the result of coupling of the Fermi 
type (in association with virtual states implied by strong couplings, as al- 
ways). This hypothesis would already account for several features including 
the general order of magnitude of lifetimes. Certainly lepton emissions 
would not be unexpected. But even when no leptons are involved a lack of 
conservation of parity (an asymmetry under reflection of left for right) 
speaks for a Fermi coupling. The fact that the same particle K could decay 
into two and into three pions (of 0 total angular momentum) was in fact the 
first suggestion that conservations of parity may be violated in physical law. 
More recently an asymmetry demonstrating a failure of reflection symme- 
try has been found in the direction of the products in the decay of the A to 
p+. We have already written three Fermi couplings (6-4), (6-5), and 
(6-6), but in each case, counting the leptons as of 0 strangeness, no strange- 
ness change is implied. Thus with these three, we can only hope to explain 
decays for which AS = 0 where S is total strangeness. They are only the 
neutron decay n—* p+e+D and the pion decay 7*—>y* + v, which we have 
already discussed as an indirect consequence of (6-6) via virtual states. 

The remaining decays involve a change of strangeness of one unit, AS 
= +1. The fundamental couplings that produce them have not been identified, 
although they are almost certainly Fermi couplings. The problem of their 
identification is interesting, so we shall go into it in some detail. 

Fermi Coupling Schemes. We shall first count the minimum number of 
new couplings needed. First of all, the existence of a decay like K* — e* + 
v + 7° implies that the ve are coupled to a strangeness changing pair. It 
need not be K*r° directly, as the strong couplings would allow such a de- 
cay if any other pair, such as pA were coupled to ve. For example (Fig. 
12-1), the K* could become virtually A and p, and the A decay to pép 


FIG. 12-1 


with the p and p annihilating to 7°. Let us take, as an example, a Fermi 
coupling 


pA-— ve (12-1) 
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analogous to (6-4). But muons are emitted also in AS = —1 decays (e.g., 
K* — p*+ v or K* — u*+ y+ 7°), So we must have an additional coupling 


Aeon (12-2) 


Finally there are decays involving no neutrinos at all. These could come 
from a Fermi coupling of the type 


pA<— pn (12-3) 


of any equivalent via strong couplings. For example, the A->p+7™~ decay 
would be via the virtual process, such as 


e 
koi! 


A—~pt+ptn——pita 
(12-3) (1-4) 


p 


plus more complicated diagrams. With these three couplings ae known de- 
cays would be qualitatively explainable. 

The proposal of six independent Fermi couplings might appear compli- 
cated, but the simultaneous appearance of the three new ones will appear 
natural from one assumption. That is that the Fermi couplings are of the 
nature of the interaction of a kind of current with itself: 


J-> J (12-4) 


and the problem is to find the composition of the current J, the sum of sev- 


eral parts. The couplings (6-4), (6-5), and (6-6) described previously re- 
sult if J is written 


J = (ve) + (Hp) + (pn) +X (12-5) 


Experimentally the coefficient of all first three terms are equal. All our 
three new couplings will result if we add to J just one term, say X, which 
changes strangeness. Above we have suggested solely as an example what X 
might be but we shall now have to consider more seriously what properties 
the term X might have. 

An immediate consequence of this idea is that the coefficients of X to 
each of the three currents (ve), (vu), and (pn) are equal. That is, the cou- 
plings (12-1), (12-2), and (12-3) must all have the same coefficient [although 
it need not equal the coefficient of (6-4), (6-5), and (6-6)]. 

If the couplings of (ve) and (yj) to X are equal, it can be calculated that 
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about as many K* decays go to e* + y+ m° as goto ut+ p+ 7°. This is 
supported by the data to an accuracy of 30 per cent. The absence found so 
far of K* — e*+ p is also consistent if the K* has spin 0, for then the rate 
of K* —- e+ + p should ke very much less than the rate K* — y*+ v. 

Can we check the prediction that the couplings of (pn) and of (yu) to X 
are equal? Unfortunately, because of our inability to analyze strong cou- 
plings, we have found no way to do it yet. 

Proposed Symmetry Rules of the Strangeness Changing Decays. What can 
we say about the current X? We try to make as restrictive hypotheses as 
possible; in that way we make the maximum of predictions, although some 
of them may be proved wrong in the future. First we notice that the pres- 
ence of Kt — e*+ p+ 7° requires that, if strangeness decreases, positrons 
are emitted. So X must have at least one term like (pA), consisting of a 
pair of particles of total strangeness —1 (and in any case of negative charge). 
Can there be also a term in X like (2 *n) of strangeness +1? There is no 
evidence that there must be, so we shall assume: 

1. X contains only terms of strangeness -1. This has as a consequence 
that a decay with AS = 2 is forbidden. Thus the =~ could not decay into 
n+” and so far it has not been seen to do so. 

Furthermore, although a K} could disintegrate equally into e+ m7 + vp 
and e+ 7* + p, only the first is allowed for K° and the second for K°. So, 
if the rare lepton decays of a K° beam be observed close to the course (be- 
fore the Kj; mode has decayed away), the charged leptons (e or ».) should 
be predominantly positive. Experiments to verify this have not yet been per- 
formed. 

Next, the current X, if (pA) would be of isotopic spin 1/2; other combi- 
nations, such as (pz°) alone, would bring in some isotopic spin 3/2. If it 
were purely isotopic spin 3/2, there would be a rule, AT = 3/2, in a leptic 
decay. But the decay K* — y*+ pv of the K* of isotopic spin 1/2 would then 
be impossible (for here AT = 1/2). So X must contain at least some com- 
ponent of isotopic spin 1/2. We shall assume it is pure isotopic spin 1/2 
[so if (p2°) appears it must be in the combination —(pZ°) + V2 (M27)). 
Then we would have the rule: 

2. Ina leptic decay the isotopic spin change can only be 1/2. We can test 
this rule by comparing the decays 


Kt— qeo+etty (12-6) 
and 

K°-> mw +et +p (12-7) 
What the rule says is that if the K’s are brought to the other side to make 


antiK’s the pairs (Kt m°) and (K°r) must have amplitudes in the propor- 
tions —(K* 7°) + V2 (K° a7) to make up a state of isotopic spin 1/2 [analo- 
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gous to expression (8-2)]. Thus the amplitude for the second reaction (12-7) 
is -V2 times the first (12~6), so the rate of the K° decay is twice that of 
the Kt. The decay of K° must be 


K° + att+e7+p (12-8) 


the antiparticle reaction corresponding to (12-7) and it must occur at the 
same rate as (12-7) [i.e., twice the rate of (12-8)]. The K 3 particle, being 
of amplitude 1/V¥2 to be K°® and -1/V2 tobe K° will therefore decay 
into 7~ + e* + pv at the rate of (12-8) and into 7* + e~ + py at the same rate. 
A corresponding relation applies to the decays with a muon replacing the 
electron. These predictions are confirmed by experiment (so far). 


The Question 
ofa Universal 
Coupling 
Coefficient 


Nonleptic decays occur from the combination of X with the term (pn) in 
the current J. This term (pn) is of isotopic spin 1, so if combined with an 
X assumed to be pure isotopic spin 1/2 we can form only isotopic spin 1/2 
and 3/2, and suggest the third rule governing strangeness changing decays: 

3. In nonleptic decays the change of isotopic spin can be only 


AT = 1/2 or AT = 3/2 


This does not appear very restrictive, yet it does have consequences that we 
can check. 


First, we can predict charge ratios for the three pion decays of the kaons. 
The three pions in the decay 


Kt — att at +47 (13-1) 


seem from their momentum distribution to be in a state of zero angular mo- 
mentum, and therefore the wave function of the pions is completely symmet- 
rical. It can be shown that the only symmetrical isotopic spin states avail- 
able to three particles, each of isotopic spin1l, are T =1 and T=3. If 
rule 3 is correct, the state T = 3 cannot be generated from the original 
T = 1/2 of the kaon, for a change of at least 5/2 would be involved. Thus 
the final state must be T = 1, and from the rules for combining states it is 
easy to show that the rate of the decay K* — m* + 7° + 7° should be 1/2 
of the rate of (13-1)(except for a rate increase of about 9 per cent for each 
m° resulting from the small mass difference of t* and 7°). Experiment- 
ally the ratio is 0.304 0.06, which is consistent with the predicted 0.25(1.2) 
= 0.30. 

By exactly the same argument, the three pion decays of the K3, 


Ky; ~ atta + 9° (13-2) 
Kj > mo t+ 7° + 7° (13-3) 
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should occur in ratio 2/3 [or corrected for 7° mass difference, ratio 
2(1.1)/3(1.3) = 0.56] if the final state is T = 1. Measurements on the K3 
are just beginning to be made, and are so far in agreement with this predic- 
tion. 

There is also a consequence for the two-pion disintegration of the kaon. 
The data are 


Ky — attae 78+ 6 per cent 
—- 7° +? 22+ 6 per cent 
Kt— atta 0.002 times K; decay rate 


A remarkable feature is that the K* decay is so much less rapid than the 
Ky decay. 

For two pions in a symmetrical state, the total isotopic spinis T = 0 or 
T = 2. Only the T = 2 state is available for the case K* of one m* and one 
1°. Now this could be reached in general from the kaon T = 1/2 either by 
AT = 3/2, or by AT = 5/2 (we add isotopic spin as vectors). According to 
hypothesis 3, however, only the AT = 3/2 operates. That means that the 
rate of K* decay gives us the relative amplitude of T = 2 in the decay of 
K°. Actually it gives us only the square, but we know that the amplitude is 
0.052 times some complex phase for the two pions of K; to be in state 
T = 2. This amplitude is so small that the Kj should decay almost purely 
into T = 0. If it did so, the relative proportions of ™*+ m7 to 7° + 7° 
should be 2:1 or 67 per cent should be charged. If the amplitude for T = 2 
has its phase for maximum or for minimum interference, the percentage 
predictions are 72 and 62 per cent, respectively. Theoretically then, the 
proportion of m* + m~ in the K;> must lie somewhere between 62 and 72 
per cent if hypothesis 3 is valid. We must wait for more precise data to see 
if this is true; the present results are just consistent with it. As far as we 
know, then, the X current can be restricted to one whose strangeness is —1 
and isotopic spin is 1/2. In terms of the known particles then, it would have 
the form 


X = a(pA) + B[-(pz°) + V2 (AEN) + y[-(K +72) + V2(Ke m7) 
+6 [-(Z°=7) + V2 (StE°)] + & (AE) 


with the coefficients a, B, y, 6, and & to be determined. This is as far as 
we have been able to proceed. The difficulties in proceeding further will 
now be pointed out. 

The Question of a Universal Coupling Coefficient. In view of the apparent 
equality of the coefficients in J of such different terms as (ve), (vy), and 
(pn), it is natural to suggest a kind of universality and propose that the cou- 
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pling coefficients of all particles are equal (universal), so that all the coef- 
ficients @ to € are equal and equal to unity. [Or at least if factors V2 are 
differently distributed, some of them may be 1 and others 1/V¥2 to provide 
some special symmetry. For example, if a = 1/¥2 = —£B the first two terms 
become (pZ) + (nx7), a combination especially simple from the viewpoint of 
global symmetry.] 

As a further example in the second strong coupling scheme suggested 
above, a particularly simple hypothesis would be that (1) the nonstrangeness 
changing Fermi current is coupled to the same combination of particles as 
is the 7*, namely, a component of isotopic spin, and also (2) the strange- 
ness changing Fermi current is coupled to the same combination of parti- 
cles, as is the K*. This would mean a = -8, 6 = €, and possibly y = 0. 

But there is direct evidence that this is not the case. If y = 1, disregard- 
ing the other terms, the decay K* — 1° + e* + v could be a direct process, 
and its rate calculated. It comes out 170 times too fast! There may be 
some modification from other diagrams but it surely cannot be so drastically 
reduced. We deduce that either y is 0 or of the order of 0.08 (i.e., 1/V170, 
for the rate goes as y?). If y were 0 the process would have to be an indi- 
rect one, which we cannot calculate (although at first guess it is not easy to 
see how it could be so slow even if y were 0 and the other constants were of 
order unity—yet no firm conclusion can be drawn this way about the other 
constants). Again, if a@ = 1, we can calculate a rate for the process A — 
p+e+ »p. This process and the one with p replacing e have not been seen, 
yet we predict it should appear in 16 per cent of the A disintegrations. Ex- 
perimentally it occurs at least less than one-tenth as often as this. It is un- 
likely that this is an effect of interference from other diagrams, so a is 
probably less than 0.3. In addition no lepton decay of the =~ has been seen 
again less than 10 per cent of that expected with 6 = 1/¥2, so B/V2 must 
also be less than 0.3. It therefore does not look as if the X is coupled to 
leptons with the full coefficient expected from the universal coupling; in fact, 
a coefficient of order 0.1 seems more likely. (It is not possible to disprove 
this from the rapidity of the K* — y*+ vy decay, again because of uncertain- 
ties in all such quantitative calculations.) 

We can summarize these points by the observation that, although theoret-~ 
ically unexpected, the data may indicate that 

4. Leptic decays with change of strangeness are relatively much slower 
than those without change of strangeness (although the K* ~ y*+v isa 
possible violation). 

But if the coefficients in X are of the order of 0.1 for lepton coupling, 
we should expect them to be exactly the same for the (pn) coupling. This is 
uncomfortable because the nonleptic decays seem too fast for this. They 
seem to require coefficients of order unity, but we cannot be sure, for we 
cannot really calculate these processes because of the virtual states of 
strongly interacting particles that are involved. 
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In addition there is a further approximate symmetry rule suggested by 
the data for which we have no theoretical explanation: 

5. Nonleptic strangeness changing decays with AT = 3/2 are relatively 
much slower than those with AT = 1/2, i.e., weaker. 


Rules of 
Strangeness 
Changing 
Decays: 
Experiments 


We have already noticed this for the K— a + m decays, in which the neu- 
tral kaon (AT = 1/2) decayed 500 times faster than the charged kaon (AT 
= 3/2). The amplitude for AT = 3/2 here was only 0.052 of that for AT 
= 1/2. 

Let us ask if a similar predominance exists elsewhere. It is best studied 
by seeing to what extent the other data could satisfy the rule that the nonlep- 
tic decays were entirely AT = 1/2. 

First, in the A decay coming from T = 0, the final state would have to 
be T = 1/2, and the ratio of p+ m~ cases to n+ 7° would have to be 2:1, 
or charged products in 67 per cent of the decays. The data shows 63 + 3 per 
cent, a discrepancy that may either be experimental error or the result of a 
very small interference with T = 3/2. 

Second, there are some predictions about the £-decay asymmetries, but 
for the present incomplete data they only represent inequalities which are 
indeed satisfied by the data. 

Third, we can now determine the rate of Ky decays to three pions, (13-2) 
and (13-3), relative to that of the K* (13-1), for we must reach the T = 1 
state in a unique way if AT = 1/2. The prediction is that the total rate of Kz 
to three pions equals the total rate of K* to three pions (if the corrections 
of 9 per cent for each 7° are allowed for). The preliminary measurements 
on the Ky are not in disagreement with this. 

We would predict that the =°-—> A+ 7° rate should be half as fast as the 
= —-+A+t 77 rate, but data are not available on the =°. 

The origin of this rule is unknown, for if the decays are via some X cou- 
pled to (pn), there is no apparent reason why the AT = 1/2 and AT = 3/2 
amplitudes should not be of the same general order of magnitude. We are 
left also with the mystery of the origin of the small coefficients in X. 

One speculation made by the authors (unpublished data) is that one par- 
ticular diagram is very much more important than the others and about ten 
times as big as one would estimate. Let us illustrate this idea for the exam- 
ple that X is simply 0.1 (pA). Then in the coupling pn-~ pA the p can be 
eliminated, giving a direct amplitude for transformation of n-~ A. The 
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FIG. 14-1 


mechanism of such an elimination is the diagram in Fig. 14-1, with the pro- 
ton in a closed loop. We imagine this diagram with the loop undisturbed is 
much larger than one would expect, and larger than all other diagrams. The 
large size compensates the small coefficient 0.1 in X, and makes nonleptic 
decays appear at a normal rate. Further since the dominant coupling is now 
effectively n+~ A, a transformation for which AT is restricted to + 1/2, 
this restriction appears as rule 5. The AT = 3/2 can come only from the 
more complicated usual diagrams, for which the small coefficient 0.1 is not 
compensated. 

But we explain the two mysteries (4 and 5) by two ad hoc assumptions 
(that the X coefficient is small and that a certain diagram is large), so it is 
not clear that we are getting anywhere. It is true that all the A and Z decay 
details come out quite closely if we take the coupling to be equally n+- Y 
and p<~2* using the global symmetry hypothesis and a perturbation calcu- 
lation, but the perturbation approximation cannot be justified. 

Summary. At this point it would be well to summarize the salient features 
of the problem we face. 

According to the principles of quantum field theory there exist in nature 
only particles having mass and spin (even or odd half-integral), which have 
a relation among each other called coupling. These particles fall into two 
groups: the weakly and the strongly interacting particles. The weakly inter- 
acting particles include: the photon, the graviton (which everyone ignores), 
and the leptons (e,p, v). The strongly interacting particles are the mesons 
and the baryons (see Tables 9-1 and 9-2). 

You know the particles and the couplings and so you know everything. 
Physics in a nutshell! Couplings other than gravitation (which conserves 
everything or nothing depending on how you look at it) have the properties 
listed in Table 14-1. 


TABLE 14-1 
Conservation laws satisfied 
Coupling Relative strength i spin Strangeness Parity 
Fermi 10710 No No No 
Electrodynamics 10-2 No Yes Yes 


Strong 10! Yes Yes Yes 
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The conservation laws satisfied by all couplings are of two types: 

Geometrical laws: 

Angular momentum (rotation) 

Energy, momentum (translation) 

Parity x charge conjugation 

Time reversal 

Number laws: 

Number of leptons 

Electric charge 

Number of baryons (nucleonic charge conservation) 

We see that there are 31 particles; hence, according to standard field 
theory, we need 31 fields to describe these particles! However by being 
clever we can try to reduce the number of fields we need, for some of the 
particles may be compounds. What is the minimum number needed? First 
we need a baryon. Also we need something with i spin 1/2 (two states), and 
we need the quality of strangeness. So, for example, we could get by with 
three baryons: n, p, A. But this tells us nothing about leptons. We need then 
v, e, y and probably the graviton. No one is quite sure what to do with the p. 
If we also include it we then have to explain at least eight fields and four 
couplings. 

This is as far as one has been able to proceed, so far. It is clear that 
very considerable progress is made by noticing symmetries, but that no cal- 
culational work has otherwise yielded much information. We are sorely in 
need of reliable methods for a quantitative analysis of these problems. 

But even more profound and exciting is the problem that is tacitly implied 
throughout these lectures but never clearly stated. What is the significance 
or the pattern behind all these interrelated symmetries, partial symmetries, 
and asymmetries ? 


Fundamental 
Laws of 
EKlectromagnetic 
and £-Decay 
Coupling 


We shall now see how to make quantitative calculations for those 
processes that we can calculate! I shall just tell you the results and give 
heuristic arguments for their correctness. I don’t feel that it is necessary 
to start from field theory since it is, in fact, not internally consistent. Any- 
way, I want to leave room for new ideas. 

You may have great pedagogical difficulty in learning the physics pre- 
sented in this way. It would be easier to learn it more historically, by mov- 
ing from the Schrédinger equation to the Dirac equation, and from the quan- 
tization of harmonic oscillators to the creation and annihilation operators, 
and finally to the resulting amplitude for various processes. Instead, we 
shall just give rules for finding the resulting amplitude—because the rules 
are so much simpler than the steps leading to them. Furthermore, the 
things we would otherwise start with (e.g., the Schrédinger equation) are 
approximations to the end result, useful only under certain conditions. What 
is ultimately desired for a true physical understanding is how the Schrédin- 
ger equation is a consequence of the more fundamental laws. It is true that 
for historical or pedagogical understanding it would be better to start from 
Schrédinger and go the other way—although of course no real deduction can 
be made that way; new things like Dirac matrices, etc., must be added from 
time to time. But it is a long, hard climb to the frontier of physics that way. 
Let’s make an effort to try an experiment in learning. Let us see if we can 
put you right down on the frontier so you can do two things. First, you can 
look forward into the unknown and see the problems and the progress being 
made and perhaps help to solve some of them. Second, you can look back and 
try to see how the various things you have learned, from Newton’s laws to 
Maxwell’s equations and to Schrédinger’s equations, are all consequences of 
what you are learning now. The latter will not be obvious, and will make it 
hard to accept the apparently ad hoc rules we discuss now. But really, that 
is how nature does it; she ‘‘understands’’ the Schrédinger equation as an ap- 
proximate equation describing large numbers of interactions among many 
particles moving slowly. The fundamental elements are the key interactions 
among small numbers of particles moving at arbitrary speed. To these we 
address our attention. 
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The only interactions for which a reasonably satisfactory quantitative 
quantum mechanical description can be given today are the electromagnetic 
coupling and the Fermi or #-decay coupling. 

We consider processes that involve a small number of particles which 
may interact, create other particles, decay, etc. For each such process we 
have an amplitude; the square of the amplitude gives the probability for the 
process to occur. We start with the case where there are no virtual parti- 
cles. This is easier than the processes involving virtual particles, which we 
shall treat later. Also we begin with spin 0 (scalar) particles, in order not 
to confuse things by introducing spin and relativity at the same time. 

The wave function of the scalar particle has only one component. Under 
the transformation Xp Xn (rotation or Lorentz transformation), 

p(x,y,Z,t) > p(x4y’,z’,t’) 

How about space reflection? 

x— -x 
t— t 


If p(x,t)= y(—x,t), we speak of a ‘‘scalar’’ particle; vy (x,t)= —p(—x,t) is a 
“‘pseudoscalar.’’ Of course ~ might not obey either of the above equations. 
We shall assume that a free particle is represented by the plane wave 


u exp (ip: x) 


where p: x= PpXp = Et — p-x. This is DeBroglie’s assumption; u does not 
change under coordinate transformations. 

Next we seek an expression for the probability. This has to be the fourth 
component of a four-vector (S,,), since the probability of finding the particle 
somewhere: 


JS dx dy dz 


must be invariant. Here S, = the probability of finding the particle per cm? 
(also the probability of passing from past to future), and S= the probability 
of passing through a surface normal to S per em? sec. 

y*p is a scalar, and hence not a satisfactory S4,. The space integral of 
S, is really a surface integral in four dimensions (see Fig. 15-1). The gen- 
eralization is evidently 


Probability to pass through surface = Js, Ny d® surface 


where Ny, is the unit normal to the surface, Ny Ny =-1. 
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normal 
} / path of integration 


x 


FIG. 15-1 


Suppose the particle is located in some finite region of space (so that u 
is not a plane wave). Can somebody else in another Lorentz frame perform 
the probability integral in his frame and get the same result we do? Recall- 
ing that in the space-time diagrams the ‘‘moving’’ system is rotated, we 
draw the schematic picture of Fig. 15-2. 


: somebody else 


\ 
\ 
\ 
a 
/ ? | 
t / 
\ / 
\ 7 
~\ © a 
us 


FIG. 15-2 


Since the particle is localized as shown, S, is zero at some distance, so 
that we can close the path of integration indicated by the dotted lines in the 
figure. 

Then both observers get the same answer if 

3 s 
J8,N, d° surface = 0 
Using Gauss’ theorem, this is assured if 


88,,/dx, = 0 


which expresses the conservation of probability. 
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We have seen that for a plane wave, uu is unsatisfactory for a probability 
density. Since Py, is the only available four-vector, 


S, = 2py uu 
(The factor 2 is just convention.) This gives 
S, = 2Euu 


Does this make sense? Note that the density in a moving system appears 
greater by just the same factor the E has. Thus keep au = 1 in every sys- 
tem; the relativistic normalization is then 2E per cm’. This is a crazy nor- 
malization but very useful in practice. We shall always normalize in this 
way. 

How about a more general expression for S u ? For the plane wave 


- ,_8 
Sno 20 Fey 


In the general case we must take the more symmetrical forms 
S = Q i 3 g- , 28 
H OX OXy 


Now that we have everything defined, we shall see how to calculate. Re- 
call the famous formula for the transition probability per second: 


7 (density of final states) 
Pplbi/sees We [M412 density of final states 


(unit energy interval) 


evaluated for E,=E;. 

This form is inconvenient for our purposes. I shall rewrite it so that you 
cannot recognize it. First, in order to use our normalization we must divide 
by 2E for each particle entering in the process. Since we shall always be 
working in a continuum of states we have 


|M| dp, dp, d?py.i 1 
7 7 (@E) N(@E) (mn n> (am dE 
i out 


in 


Prob./sec = 2 


Note that the expression for the density of states lacks a? py / (277)? because 
of momentum conservation. To make the formula symmetrical among all 
the particles, we add the factor 


[d? Py /(27)'] (27)? 6 (Zp - = p) 
in 


out 


Also we replace 1/dE by 6(x E-— & E). In fact we could have started 
in out 
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with the formula in this form: Between any two states, 
Prob./sec. = 27 |My; |? 6(Ey — E;) 

Further recall that 
6(ax) = (1/a) 6(x) 
5 (E(x) = [1/]£"(Xo)|] 5 & — Xo) if £(xo) = 0 


This allows us to remove the lack of symmetry between p and E in our 
formula, since 


J 6(p2 — p? —m?)dp,= 1/2p, : 1/2E 


4 = (p? + m4? 


Thus 
Bp; /2E,(2n)3 — [d’p,/(21)5) dpys (6(p} - m)] 
= d‘p; /(2m)* [2m 5 (pj — m?)) 
where p, = (Ey; py). 
Collecting all these factors we finally have 


Prob./sec = [|M|?/product I (2E)] (2m)* 6“ ( Zp- = p) 
in in out 


x II (27) 6 (p? —m}3)[d‘ p; /(27)*] 


out 


The factor 6 (Ep — Zp) corresponds to over-all conservation of energy 
in out 


and momentum. 
We shall always be going back and forth from configuration space to mo- 
mentum space. Our convention is as follows: 


v(x) = J u(p) exp (-ip- x)[d* p/(2n)4] 
v(p) = J exp (ip +x) g(x) dx 


With this convention dp is always accompanied by a factor 1/27 and the 6 
function by 27. 

There is one more important remark to be made. The great utility of 
this method is that M turns out to be invariant. So we can choose the sys- 
tem in which we evaluate M at our convenience. 

As an example, consider the disintegration of a particle. The probability 
of decay when it is moving is less by a factor M/E, which is of course the 
relativistic time dilation. I suggest that you try the following example, which 
we shall do in detail later. Consider the decay of a kaon into two 7’s: 
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(Forget about charge just now.) The K and 7 have spin 0 and amplitude 
u,,U,. Assume that the amplitude for the process is 


M = (4n)!/2£ Muy u* ux 


The factor (4n)1/ 2 is conventional (rationalized units), f measures the 
strength of the interaction, and M, is inserted to make f dimensionless. 
The u’s are just to remind us of the process (the u*’s are the particles 
created and the u’s the particles destroyed) but they are set equal to unity 
in the calculations. Find the value of f that gives the experimental lifetime. 


Density of 
Final States 


Generally we shall need to consider only two cases for the incoming 
state: (1) decay of a particle (prob. trans./sec = 1/mean life), and (2) two 
particles in collision (prob. trans./sec = ov, where g is the cross section 
and v is the relative velocity). 

We write the transition probability per second in the form 


Prob. trans./sec = 27 (M2/ Il 2E Il 2E)D 
in 


out 
where 


D = (1/2m) 11 2E(27)464( 2 p— = p) I 26(p?— m)d4p/(27)4] 
out in out out 
is the density of state per unit range. There are other useful expressions 
for D: 
(1) two outgoing particles: 


_ E,E2 py? dO, Er =E, +E, 
(an) Eqp,? —Ey(py- 
(27) Exp; (Pr * Py) Pr = Pit Pp 
Ey = (py? + my)¥? 


when my, », D= (E,p,/(27)3] dQ,. In the c.m. system, 
D = [1/(2m)*] [EyE2/(E,+ E2)] py dQ, 
(2) three outgoing particles: 


_ ERE; po? py” dpy dQ, dQ, Epr Eat Exe Bs 


© (2m)®  py*(Ep — Ey) — Ep pe - (pt ~ Pi) Pr = Pi + Po + Ps 


when m3 ®, 


73 


74 THE THEORY OF FUNDAMENTAL PROCESSES 


D = [1/(27)"] Eg pp,” dp; dQ, dQ, 


Consider now the kaon decay into two 1’s, which I suggested in the last 
lecture. I have assumed a direct coupling K— 7,7 just to illustrate the 
techniques we shall be using; we do not believe that this is actually a funda- 
mental coupling in nature. A word about units: We have chosen fi =c = 1. 
Then 


m = mass = energy = 1/length = 1/time 


=m = mc? 1/(i/mc) 


1/(i/me?) 


For the electron, 


m,= 9.1x 107% g = 0.511 Mev = 1/3.86x 10-1! cm 


= 1/1.288x1072! sec 
These numbers should be memorized. For the proton all quantities are mul- 
tiplied by 1836, and similarly, for other particles of mass m by m/mg. 

At the end of a calculation it will always be clear which units m repre- 
sents. We can still check dimensions, e.g., a lifetime must be proportional 
to m. Keeping track of fi and c is a complete waste of time! 

The first time we shall do the calculation the hard way. We have 

M = (4n)!/?£ My Uy, UE, UK m; = mM, = m, 
Prob./sec = 1/7 = (4mf*Mz /2Mx )(27)* 64 (py — Pi — P2) 276(p} — m3) 
x [d4p,/(2m)4] (20) 6 (p}- m5)[d4p2/(27)4] 


Setting p) = px —p;, we can cross out (27)'54(pK —p,— pe) and d*p,/(27)!. 
Let pi = (E,p_),Px = (Mx, 0)(in the rest frame of the K). Then 


(Px —p1)? = pk —2pKP1 + Pi = Mk — 2MxE + m5 
and 
Decay rate = 1/T = (2m)f*My (2m) 6 (E? — p* — m2)276 (Mx — 2My E) 
x [p? dp dQ dE/(27)‘) 
Furthermore, 


fan 6(Mx — 2M, E) dE = 27/2Mx E = My/2 
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J am 6l(MR /4) - p? - m2] p? dp = (20/2)p p = [(Mx /4) - m2]!/? 
dQ = 40 
so that 
1/r = 2m My wl (Mk /4) — m5]!/? (4/My 40 /(2)4] 
= (f2/4) Mx [1 — (2m_/My ))'/2 


The whole purpose of physics is to find a number, with decimal points, 
etc.! Otherwise you haven’t done anything. Find 


1/r = £7[(966 x 0.84)/4x (1288x 10721) sec] 


Experimentally the lifetime of the K = 0.99 x 10-'° sec. Only 78 per cent 
of the decays go into 27. Therefore, 


1/Texp = 0.78/0.99 x 10719 sec 
and 
f = 2.38x 10-7 


This is a very small dimensionless constant so we are confronted with a 
weak coupling. I want to impress on you that this is just an example that we 
have made up; we do not believe that the true mechanism of this decay is 
this fundamental coupling, but rather that the decay occurs as an indirect 
effect of some other couplings. However, let’s go along with it. 


Problem 16-1: The K also decays into 3 n’s. I am going to as- 
sume a coupling 


(4n)'/? Ug Ung Ung UK 


Obtain the spectral distribution, check it with the experimental results, 
and determine g. 


Consider now a slightly more difficult problem, namely —K scattering. 
Forget the charge of the K and the 7, a possible way in which this could oc- 
cur is illustrated in Fig. 16-1. This is an indirect process involving a vir- 
tual 7m. I shall now give you the rules for finding the amplitude for such a 
process (later on we shall make them more plausible). 

Follow along the particle lines and write (from right to left): 

(1) for each vertex an amplitude (4m)!/2 Myx 

(2) for the propagation of the 7 between two vertices an amplitude 
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K+iwt—~mu—~>Kint 


FIG. 16-1 


1/(p? — m2), where p is the 4-momentum and m, is the mass of the 7. This 
is the equation of motion: 
(3) energy momentum must be conserved at each vertex 
The product of these amplitudes is then the amplitude M for the process. 
For Fig. 16-1 we get 


(4n)*/? £My{1/L(p + a4)? — mI} (4m)? IM 


However there is another way in which the same transition can occur, 
shown in Fig. 16-2, which is topologically different from the first diagram 
(the vertices cannot be arranged in space time to get the first diagram). The 
amplitude for this process is 


P2 


FIG. 16-2 
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(4n)'/? emt {1/(pi— ay)? — my"]} (47)!/? My 
and the total amplitude M for the transition is obtained by adding these two: 


M = 4nf?My? {1/[(p; + ar)? — m3 I} + {1/[(p, — a2)? - m7 ]}) 


The Propagator 
for Scalar 
Particles 


I shall try to make the rule for the propagator less artificial by connect- 
ing it with something you already know. Consider the 7—K scattering ex- 
ample (Fig. 17-1). 


FIG. 17-1 


We have been saying that the amplitude has the form 
M = Bg,l1/(p? — m’)] Agi 
Now consider the lowest-order term in ordinary perturbation theory: 
Dy He [1/(E;y - E,)) Hn; 
n 


The sum is to be taken over the intermediate states n. The contribution of 
the diagram in Fig. 17-1is 


Be pl1/(E; — E,)) Aps 
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where 
E,=(pe+m)/? p= py+ a 


But we must remember that in ordinary perturbation theory the process 
with opposite time order is considered separately as pair production fol- 
lowed by annihilation of the positron with the incoming electron. The energy 
in the intermediate state is thus 2E; + E, (Fig. 17-2). Recalling our pre- 


Ky T2 


FIG, 17-2 


vious rule for entry and exit states we see that f(i) is the entry (exit) state. 
So we have 


Api {1/lE,; — (2E,+ EI} Be, = —Bypl1/(E; + E,)] Api 
The sum of the two relevant matrix elements is 
2E, Brpl/(EZ-E2)A,; 
Now 
p’ — m? = (py + gy)? - m? 
= (&4+ K,)* = p? - m? 
= Ej - 53 


and the factor 2E p is just the normalization constant. So the backward-in- 
time idea simplifies the result. Each of the above terms (considered sep- 
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arately) is not invariant. By combining them we obtain an obviously invari- 
ant expression. This demonstration is not intended to be a proof of our 
propagator rule, but does show the physical notions involved. 
There is another way to get our propagator rule. For a free particle a 
special solution is 
u exp (—ip + x) p°=m 
We can form any free-particle solution by the sum 
(x,t) = Z, u(P) exp (—ip: x) 
Note that 
Z p(p’ — m?)u(p) exp (-ip +x) = 0 
But this is the same as 
D{ ii(a/a ty]? —(—-i9 )? — m?} u(p) exp (-ip - x) 
[iv,)? — m’Jg=0 
or 
(0? — m’)y = 0 
where 
co = vy? - (9?/at?) 
Suppose there is a source S(x,t) for the particles. We then postulate that 
(Co? — m’) 9(x,t) = S(x,t) 
We solve this equation by introducing the Fourier transforms 
s¢x.t) = fexp (-ip +x) S(p)ldp/ (2n)4 
g(t) = Jexp (-ip - x) 9 (p) [d*p/(2n)4} 
(Note that p, = (p?+ m’)!/ 2 since we are no longer dealing with a free parti- 


cle.) 
The transformed equation is 


(p? — m’) 9 (p) = S(p) 
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So if we know the source, then 


y (p) = [1/(p?- m*)] Sip) 
showing the origin of the propagator. Solving for ¢ (x,t), 
o(x.t)= Sexp(-ip-x) [1/(p?-m)]_J exp (-ip +x")8(x") dx’ 
x [d4p/(2m)4] 
or 
(x)= fD,(&—x")S(x’) dx’ 
where 
D,«—x") = J exp (~ ip)(x—x’)/(p® — m?)] [ap / (2m) 
is the propagator in space and time. 
We notice that in order to give a meaning to D, it is necessary to define 
the pole in the integrand. To do this we add an infinitesimal negative imagi- 


nary part to the mass (an invariant) and integrate first over dw = dp4: 


f expl ip: («-x’)] exp[-iw(t-t’)] gy dp 
w? — p*? — m? + ie Qn (2m)3 
The limit € — 0 is understood to be taken afterward. / 
This prescription displaces the poles from w = + Ep=+ ( p’ + m?)! 2 to 
w= +E, ¥ ie and is equivalent to the contour in Fig. 17-3. For t>t’ we 


W 


FIG. 17-3 


complete the contour in the lower half-plane. Therefore, 
D,(t >t’) = -27i Res(E,) = ilexp (iE,)(t—t’)/Epl exp lip + (x -x’)] 
x [a3 p/(277)3] 


We note that for t >t’ only positive energies contribute. For t< t’ we 
must close the contour in the upper half-plane. We get 
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D,(t< t’) =i SLexp GE p(t—t’)/E pl exp (ip + (@& — x") [d°p/(2m)"] 


showing that only negative energies contribute for t < t’. In this way we see 
how the m — m -— ie rule summarizes our prescriptions for going backward 
and forward in time. 

Finally, the correct formula for the propagator of a spin-0 particle is 


1/(p? — m? + i€) 


The Propagator 


in Configuration 
Space 


We have seen in the —K scattering example that in ordinary second- 
order perturbation theory the separate contributions to the amplitude were 
not relativistically invariant, but that their sum was invariant. Two Lorentz 
frames A and B are related by a rotation in space time. For example, the 
time order of the two successive interactions would be different in A and B 
in the situation in Fig. 18-1. This is true when the second vertex does not 


FIG. 18-1 


lie within the light cone of the first (otherwise the time order could not be 
reversed by a Lorentz transformation). 

One might think there is 0 amplitude if the two events are separated in 
space but not time. This is not the case. All positions contribute. 

To see that this makes sense we examine some of the properties of the 
propagator in configuration space: 


D, (x) = f lexp (—ip -x)/(p?- m? + ie) fd4p/(20)4 


How does D,(x) behave with respect to the light cone? In configuration 
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space the propagator is much more complicated than in momentum space. 
Explicitly, 


D, (x) = —(1/47)6(s’) + (m/87s)H{” (ms) 
where 


n 
I 


-i(x? ~ 12) 1/2 for t?< x? 

H‘) ig a Hankel function of the second kind.® For large s, 
D, & (2/ms) 1/2 exp (—ims) 

Note that for low velocities using s=t — x?/2t, 
D, * exp (-imt) exp [i(mx?/2t)]/t?” = exp (—imt)5 


where js solves the Schrodinger equation. Outside the light cone for 
x’? > t?, D, dies off exponentially: 


D,* exp(-ma) og = & - t9)17? 
— exp (-mr) for t? « x? 


As a physical illustration suppose that we measure the position of an 
electron, with a shutter, for example. At the same time, but at a different 
position, we make a measurement to see if we can find the electron there 
(Fig. 18-2). The probability is not zero, because in the act of measurement 
a pair could be created, the positron then annihilating the original electron. 
Pauli invented this thought experiment after he had thought the idea was 
wrong. 


sn | 
=| 


FIG, 18-2 
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Now consider a particle of high velocity; see Fig. 18~3. 

Consider the behavior of the amplitude (Fig. 18-4) as we go across the 
light cone along AP. Now, does the wavelength at the point A (for example) 
correspond to the classical velocity x/t? Let us examine the phase of 


exp[—-im(t? — x’) ¥?] 


FIG. 18-3 


NN 


FIG. 18-4 


When x changes by A the phase must change by 27: 


mit? - (x + A)?}!? — mit? - x41? = on 
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or 
md (8/8x)(t? — x)!” = an 


Therefore, 


an/A =K= m(x/t)/[1- (x/t)?]12 = MVclass /(l - ee as 


We note that as x— t (v— c) we approach a 6 singularity on the light 
cone. A possible physical reason for this is that all momenta contribute, but 
for most momenta v is nearly c, so there is a great accumulation of ampli- 
tude near the light cone. 

We have written the equation of motion for spin-0 boson fields as 


(2 ~myo=S 


Now we must consider what S is; i.e., what can create the particles 9? We 
consider the —K example again with the coupling 


(41)? £ On On PK 


Setting f’ = (4m)! f, the equations for ~g, and gx are 


(C? - m%) gq = 2’ Gn 9K 


(CP - m)ox = £'9% 


It is possible to obtain these results from a principle of least action. 
Consider the action 


S = (1/2) JUV, 99)? — me e3ld'r 
d‘; = dx dy dz dt 


Variation of g,, integration by parts (omitting the surface term), and setting 
6S = 0 gives the equation 


2 2 = 
“Vi Py — M'Py = 0 
This is the equation for the free pion. 


For the —K example we adda similar term for the free K and an in- 
teraction term: 


S = {{ (1/2) Vyoq)? - m2 92] + (1/2)1(V, ox)? —mk oh] +f’ oF ox} dry 
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Variation with respect to g,,gx yields the equations of motion given above. 
(Here we have tacitly assumed a real field describing neutral particles—the 
generalization is easy.) 

More generally we have 


s= f Catt 


when the Lagrangian density £ must be relativistically invariant. This re- 
quirement greatly restricts the number of admissible Lagrangian densities. 
Note the relation to the usual classical form, 


s=fLdt with L= {fax 


We regard the action to be the more fundamental quantity. From it we 
can immediately read off the rules for the propagators, the coupling, and the 
equations of motion. But we still do not know the reason for the rules for 
the diagrams, or why we can get the propagators out of S. 


Particles 
of Spin 1 


In general we want to find amplitudes which transform under Lorentz 
transformations linearly: 


wu’ = §(L)u (L = Lorentz transformation) 


where 
§ (LyLg) = 9 (Ly) 9 (Le) 


One solution is scalar. We can easily find another; 4-vectors transform 
linearly—so surely a 4-vector is a possible answer. We note the same for 
rotations—a 3-vector representing angular momentum 1 was permissible. 
Thus a particle can be represented by an amplitude which is a 4-vector. We 
expect it to have spin 1. There is just one complication, however: Under 
rotations the space components transform like a vector, but the time com- 
ponent transforms like a scalar. So it looks as if we are representing two 
particles. We can get around this difficulty by requiring that 


Pyuy = 0 
Then in the rest frame of the particle (p = 0) 
muy = 0 or Ug = 0 


Photons. The photon is the only known elementary particle of spin 1. It 
has 0 mass. If we know the laws of propagation of photons and their coupling 
to other particles, then we know all about electrodynamics. A very useful 
guide in formulating these laws is the requirement that in the classical limit 
the theory correspond to Maxwell’s equations. 

The amplitude for finding photons in quantum electrodynamics is taken to 
be the 4-vector potential A, (x,y,z,t), which in the absence of sources sat- 
isfies the equation 


88 


PARTICLES OF SPIN 1 89 


o7A,=0 (19-1) 
Vy Ay = 0 (19-2) 
A free photon is represented by a plane wave 
E,, eXp (iKx) 
where €, is called the polarization vector. Substituting in Eq. (19-1) we 
find that K? = 0, or m = 0, and from Eq. (19-2) we find K, E, = 0; the polar- 
ization is perpendicular to K,. 

The theory must also be gauge invariant: If someone solves a problem 
with A, and somebody else with Al = A, + V,x where C?x = 0, both should 
get the same physical result. For plane waves this tells us something like 
this: Let A u = &, exp (-iKx) represent a photon of momentum K and polar- 
ization & and 

xX = ia@ exp (—iKx) @ = const 
Then 
Ay = ah exp (—iKx) Ey, =E,+ aK, 
Therefore, if two polarization vectors differ only by a multiple of the 4- 


momentum, they must represent the same photon. By a suitable gauge 
transformation we can always choose &4 = 0. Suppose &,4 # 0. Let 


a = —£€4/Ky 
Then 

&4 = &4 — (€4/Ky) Ky = 0 
and 

Lm eg’? — 

Ky En =K-+e’ =0 
A free photon is therefore represented by only two states of polarization. 
We can choose for these any two directions perpendicular to its momentum, 
or resolve them into right- and left-handed circular polarization (see Lec- 


ture 2). RHC (LHC) correspond to spin 1 along (opposite) the momentum of 
the photon. This can be seen easily as follows: 


urnc = [1/(2)'"] (e, + igy) 
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where €, and &y, are two unit vectors normal to the direction of propaga- 
tion. Rotating 6 degrees about the z axis, 


wkuc = [1/(2)"7) (e% + ie) 


where 


& = E, cos@ — Ey sin 6 


Ey = €, sin@ — E, cos 6 


Substituting in uRyc we get ugyc = exp (i?) URHc. In the same way, 
ULHC = exp (—i9) ULHC upnc = [1/(2)'] (€, - i€y) 
Recall that the rotation matrix is exp (i9J,). Therefore 
J, URHC =URHC 
Jz UtHC = “ULHC Q.E.D. 

We proceed now to find the laws of coupling and propagation of photons. 
The Principle of Minimal Electromagnetic Coupling. There is a very 
interesting principle by means of which we can obtain the coupling of pho- 
tons with a charged particle whenever the equation of motion of that particle 

is known. Take, for instance, the equation for a free scalar particle, 
(iV, iV, —m?)p = 0 


Then the rule is to change iV, to iV, — eA, . This gives an equation which 
contains the effects of the electromagnetic field: 


[ivy - eA, ) GY, ~eA,) - m?@] p= 0 


It is important to note that this principle keeps the equations gauge- 
invariant. Let 


~ = exp (iex) 9g’ 


Then gy’ satisfies the same equation as with Ay replaced by Ay + Vyx. 
But gy and g’ differ only by a phase factor (which, however, may depend on 
space time), and consequently they represent the same physical state. 

We can write the equation for gy in the form 


(iV, iV, —m?)g = eliV, (Apg) +A, iV, 9)] - PALA 
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The right-hand side is the source of the scalar field. We can obtain the rules 
for the amplitude of the fundamental processes as follows: The amplitude for 
a particle with momentum p; [yi = exp(—ip;x)] to emit a photon of momentum 
q and polarization ElA, = €, exp (iqx)] and continue with momentum 

P2l@. = exp (ipsx)] is proportional to 


e fohlivy(Aoit Ap GV, gn) atx 
=e J exp (ipex){iVp [€, exp (iqx) exp (—ip;x)] + E, exp (igx) 
x iV, exp (—ip;x)} d‘x 
=e(Pi ~4+ pi)" & J exp li(p, +a —p,)x]_ d*x 
The last factor expresses the conservation of energy and momentum at the 
vertex: Pp) + q = py. If the photon is absorbed, replace q by ~q. 
In either case the amplitude is given by 


P2 
Amp. = ~i(47)!” e(pp + py)* € DE 


P1 


The factor (4n)!/ 2 is introduced so that e is the unrationalized coupling 
constant e? = 1/137 in units where fi = c= 1. The factor -i is essential in 
order to keep the correct phase relationship when indistinguishable proc- 
esses which are of higher order in the coupling constant are included, but 
otherwise it can be left out. 

The term quadratic in e gives the amplitude for the simultaneous emis- 
sion (absorption) of two photons. The amplitude is proportional to 


e J ofAyAuos d‘x 
=e Af exp (ip2x) [€j exp (iq ax) ef exp (iq,x) + ef exp (iqyx) 
x 1 exp (iqax)] exp (—ipyx) d*x 
= e (6, + &, + & * £2) i expli(p, +a + 4p — Pi)x] d*x 
The factor &,° & appears twice, since either of the two A,,’s could have 


emitted photon a or photon b. Again, the last factor expresses the conser- 
vation of 4-momentum: py) +q, +q, = pi. The amplitude is now 
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Pe dar€, 


dp ey 


Let us emphasize again that the connection between the rules for ampli- 
tudes and the classical equations of motion is only heuristic. It is clearly 
impossible to ‘‘derive’’ quantum electrodynamics from Maxwell’s equations; 
these can only serve as a guide. 

Alternatively we could have started with the Lagrangian density of the 
free scalar field 

Lp = GV 9)* (iVy—) + mgt gy 
Changing iV, iV, — eA, we get 
{ = -(-iV, — eAy)9* (iV, —eA,) 9 + m’o*e 


Expanding we can write 


Weta 2c 
where 

L, = eA, LiVye)*o + oF GVye) — Ay Ay g* 
is the contribution due to the coupling between particles and photons. The 
rules for the amplitudes of the fundamental processes can also be read from 
Ce, 

The coefficient of e tells us for instance, that there is a process in which 

a particle with momentum p;[q = exp (-ipix)] emits a real or virtual photon 


with momentum q and polarization efA u = &y exp (iqx)] and goes on with 
momentum p, [yg = exp (—ip2x)]. Substituting in 0, we get 


e J E, exp (iqx)[p2,, exp (ip2x) exp (—ipyx) + exp (ipex) P1, exp (—ip1x))] 
x dx 
= elpe+ pi) + € J exp [+i(q+ P2 — py)x] d‘x 


The last factor tells us that p, + q = py. The amplitude is then 
Pe 


Amp. = ~i(4m)!/2 e(p, + py): 


Pi 
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The inclusion of the factor (4m)? and -i was discussed previously. 
The coefficient of e? corresponds to the simultaneous emission of two 
photons: One of the A,’s is 


€ 2 exp (iq.x) or Ep exp (iqpX) 
and correspondingly the other A, is 

Eh xp (iqpx) or ei exp (iq,x) 
The amplitude for the process is therefore 


P2 
darEag 


Amp. = —4ne? 264° &, 


Py Dp» Ep 
The Photon Propagator. The photon propagator can also be obtained from 


the equations of motion. This amplitude Ay (x,y,Z,t) for a photon satisfies 
Maxwell’s equation 


Vu VuAy = Jy jy is the source of photons. 


Since V,A, = 0, it follows that V,j, = 0; we shall say more about this 
later. Following the procedure described in Lecture 17 let 


A, (x) = J €4 (k) exp (~ikox) [4k /(20)4] 

in) = Si, 0s) exp (ites) [d*k/(2n)4] 
Substituting in the differential equation we get 

2 poe 

We, (k) = iy (k) 

Consequently the propagator for virtual photons is 

—/e) by 
The factor Sy» Serves to remind us what kind of sources produce what po- 
larization, the factor i is included because of the factor —i in the coupling. 


As an example, consider the —K scattering via photons (Fig. 19-1). 
(Forget the direct Kam interaction which we imagined previously.) 
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Pek K TAP, 


pi/ K T\ ps 
FIG. 19-1 


The total amplitude M is made up of three factors: 
(1) amplitude for the K meson of momentum p, to emit a virtual photon 
of momentum p; — pp», polarization €: 


4n)!2 e (py + E 

(477) (P1 i Pe i ) &y 

(2) amplitude for the photon propagation: 
[65 yy /(Pi— p2)?) 


(3) amplitude for the 7 meson with momentum p3 to absorb the virtual 
photon: 


4n in e + € 
(47) (P3 u Pa, ) m 
On summing over all four directions of polarization of the virtual photons, 


2 2 
M= 47e 2 (P1,,+ Pa, &p (Ps, + Pa, Ev [5y,/ (Pi - 2)‘ 


= 4mre? (py + pe)(ps + pa) 1/(P1 — P2)") 


Later on we will discuss why we must consider only two polarizations 
for real photons. 


Problems: 

19-1. Obtain the 7 — 7m” scattering matrix in the c.m. system. 

19-2. Do the same for the 7~ - 7*, 

19-3. Determine the Compton effect for 7* in the frame of refer- 
ence where the initial 7* is at rest. 


19-4, Calculate the 7* — m~ pair annihilation from flight with 77 
at rest. 


Virtual and 
Real Photons 


Let us discuss the relation between virtual and real emission of photons. 
Why, for instance, for a real photon do we need to consider only two trans- 
verse states of polarization, while for a virtual process we have summed 
over all four possible states? 


Suppose we send a photon to the moon. After the process is over we could 
describe it by adiagram, Fig. 20-1. 


earth moon 


FIG, 20-1 


In a sense every real photon is actually virtual if one looks over suffi- 
ciently long time scales. It is always absorbed somewhere in the universe. 
What characterizes a real photon is that k? — 0 (since it is not real at all 
times, by the uncertainty principle, K is not identically = 0) and therefore 
the propagator 1/k? — °°, Before we proceed further with this discussion 
we must consider the law of conservation of charge. 

Conservation of Charge. The action S for the particle plus the photon 
field is given by the hypothesis of minimal electromagnetic interaction: 


s= f d'x[-@* (GV, - eAy)’'o + Mot ot 1/4(V,Ay — VAL) 
= fatx[-9* GV, 9+ Mo*y + 1/4(V,Ay — Wy Ay)’ 
+ eA, (9* [iV, — (e/2)Ay] 9 + {LiVy — (e/2)Ay lo} * 9) 


95 


96 THE THEORY OF FUNDAMENTAL PROCESSES 


Requiring that the change in the action vanish for first-order variation in 
the particle and photon fields we obtain the equation of motion for particle 


(Vp Vy )@ — M’p = efiVy (Ayo) + AyliVpg)] — e7Ay Any 
and the photon 
VYAu = ele* (Vy, —eAylo + LGV, —eAy) 91 * a} 


(We have used the condition V, A, = 0.) The tharge-current vector is there - 
fore 


in = elp* GV, — eAy)y +{GV, - eA, )o]* gt 


. The first-order change of action for any change in A must vanish. For 
the special change 6Ay = VX for arbitrary x the fields do not change, so 
the only change in action is that of the coupling term, or 


Sig Yux d‘x =Sx%iy d‘x 
Since x is arbitrary, and this change of action vanishes, we must have 
wip = 9 
This is the law of charge-current conservation. It is implied by the princi- 
ple of gauge invariance and holds even if the hypothesis of minimal electro- 
magnetic interactions does not. 

We return now to the relation between virtual and real photons. Consider 
the scattering of two particles, a and b, which give rise to a current in (x) 
and ip (x), respectively. 

The amplitude for emitting a photon of momentum q and polarization € 
is ip Q)eE, , where ip (q) is the Fourier transform of jp (x). The contribution 


to the scattering amplitude, due to exchange of one photon of momentum 
q = (w,Q), pol € is, according to our rules, given by 


M = j2(a) €,(1/q") i>) €, q 
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For the four possible directions of polarization of the photon we take the 
space-time axis, with the 3-axis oriented along the direction of propagation 
of the photon. On summing over polarization, 
i230 1933 i332 j 
~ wo? -Q2 we we —Q? 2 


The last two terms are the expected contributions of the two transversely 
polarized photons. What is then the meaning of the first two terms? The 
conservation of charge current requires 


Gnip (a) = 0 
or, since the 3-axis is along Q, 
wi, — Qj3 = 0 
Substituting j3 = (w/Q)j, in M we find 


M = -(j2 j2/Q@’) - [G3 - &)G° * ©) /(w? - Q%)] 


trans 


If the photon transferred is real, w & Q. Then the contribution of longi- 
tudinal plus timelike photons to M (first term) vanishes, compared to that 
of transverse photons. However, in general, the virtual longitudinal and 
timelike photons cannot be neglected and, in fact, play a very important role. 
To see what this role is, we express the contribution of the first term in M 
for all momenta Q and frequency w in coordinate space. Substituting, 


is(Q) = J p(x,t)expl-i(@-x-wt)] x dtp = charge density 
we get 
JG2Q,0) j2Q,w)/-Q7a2Q dw/(2n)*] 
= J p%(xyty)p” (xpt2) exp{-il Q(x — x2) — w(t; —ty)]}[4°Q dew/(2m)4] 
x d3x, dt, dx, dt, 


The integral over w gives 276(ty—t,), and that on Q gives 41/ |X1 — X 
(since fexp[-iQ -R(d°Q/Q?) = 47/R] so we get 


Jp (x,t) 0” (x, t)/[xy —x9| dt d? xy d?x, 


This is the instantaneous Coulomb interaction between two charged particles. 
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The total interaction, which includes the interchange of transverse photons, 
then gives rise to the retarded interaction. 

Bremsstrahlung. Suppose that a 7 meson scatters from a heavy particle 
of spin 0, for instance a K meson. Then it is possible for it to emit light. 
(Later we shall work out the more practical case of spin 1/2.) There are 
several diagrams in lowest order (Fig. 20-2) and similar diagrams, where 


k,& 


Ky Be 


K, P2 


Pit QG=Po+k 


Ky Py 


FIG, 20-2 


the photcn is emitted by the K. However, we are interested in a very heavy 
K, in which case one can show that these other diagrams can be neglected. 
The amplitudes for processes (a), (b), and (c) are 
a = [(4n)!e}? (K+ K,)(2p1+.q)(2P2 +k)E {1/1 (2 +k)? — M’]}(-1/a") 
b = [(4m)!/e]°(K + Ko)(2p2 — g)(2p1 — k) « € {1/[(p, — k) — M*I}(-1/") 
c =(—47e")[(4n) /e] (Ky + Ky)» 2€ (-1/q") 
Some simplifications are immediately apparent: 
k-e=0 (p+ k)?-M? = 2p-k 
We shall consider the case in which the K meson is initially at rest and 
its mass My. The conservation of energy at the photon —K meson ver- 


tex then requires that the virtual photon energy 


Wg = Q?/2Mx © 0 
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Further K; and K, have practically only time components M. 
We obtain 


a = [(4n)!e]® 4ME (pp - €/p2 - k)(—1/Q?) 
b = [(47)"? e]? 4MEo(p; €/—Pp; k)(-1/Q?) 
c = [(47)'!e]3 4Me, (-1/Q?) 


The heavy K meson and the 7 meson only exchange timelike virtual pho- 
tons of zero energy. The photon propagator 1/q? is then equal to 1/Q?, cor- 
responding to a static Coulomb interaction. Show that the sum a+bt+c is 
gauge-invariant by showing that it vanishes if € is in the direction k, 
€ = ak. If we choose € spacelike, diagram c vanishes. 

The differential cross section for the scattering of the 7 meson into a 
solid angle dQ, with emission of a photon with energy w into dQ,, is (choos- 
ing € spacelike) 


do v, = (27/2K, 2M 2E, 2M 2w)|a + bl? D 
where D is the density of final states (see Lecture 16): 
D = [1/(2m)®] Ey Pp w? dw d2 dQ, 
Substituting our expressionfor a, b, and D in do we get 


2 
4e§ P, w{_ (p-&) (pi: €) 


7 amy? Py Qt)! (py ek)? (Dyk) 


dw dQ, d&,, 


The conservation of total energy and momentum requires that 


E, =Egtw 


Pi=P2+K-Q 


FIG, 20-3 
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(See Fig. 20-3.) Summing over the polarization of the emitted photons we ob- 
tain 


do = [4e°/(2m)?](P2/P,) (1/Q*) (dw/w) dQ, dQ, 


2 2 
vg sin @ v;, sin 0 
x E 2 2 e 3 1 4 
1—v2 COS 6 1—v, cos 6,4 
_ 2E,E2 viv2 Sin 6; sin 92 cos y 


(1 — v4 cos 64)(1— v2 cos 62) 


This is the equivalent, for particles of spin 0, of the famous Bethe -Heitler 
formula for particles of spin 1/2. 


P, 1 Problems 


Problem 21-1: m= — m™~ scattering the c.m. system. There are two dia- 
grams: 


Amp. = [(47)'e]*(p; +p.) - (p3 + Pa)(1/a") 


Pi+ Pg = Po + Py q = Pi— P2 a 7 


and the ‘‘exchange’’ diagram p» =~ py 


Amp. = [(4m)'eP(p: + pa) 
X (Pp + pg) + (1/a"%) 


q’ = pi — Pa 


In the c.m. system, P, = —P,; = P; P, = —P, = Q; Pp? = Q? 
E, = E = (P? + M4!” 
Then 


(P+ Pe) (pst py) _ 4E2 +(P+Q)? E? 1+ v? cos? 0/2 


(p1 — pe)? (P-@)?  P? sin? 6/2 
where @ is the angle between P and Q, as in Fig. 21-1, and v = P/E. 
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FIG, 21-1 


Similarly, 


(py + p2) *(P3+ Py) _ 4E7+ (P-Q)? _ g2 1+ v' sin? /2 


(P1 - Pa)? (P + Q)? Pp cos? 6/2 
Adding, we get 


a 2 (gti gine 
M = 4re? & 1+ v‘ cos 0/2 1 v‘ sin’ 6/2 


p? sin’ 9/2 cos’ 6/2 


Problem 21-2: t* — n~ scattering (a very interesting case). We have a 
diagram (Fig. 21-2). As we discussed in Lecture 5, a 7* (antiparticle of 7~) 


™ \ Pe Py/t* 
a /py pg 7m" 
FIG. 21-2 
of energy momentum P is represented by a 7 of 4-momentum p = ~P 


moving backward in time. The amplitude for the process is 


1 


P4 


P3 


+ 


T 
(4ny'e (py + py) = —(4n)'e (Py + Py) 
which shows that the 7* has opposite electric charge of the 7~. This is al- 


ways true of charged particles and their antiparticles. The amplitude for 
this process is therefore 
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2 
Amp. = —[(4n)!e]? (p; + pa) «(Ps + Py) {1/(p1 — Pa) 
Since the 7* and the 7~ are distinct there is, of course, no exchange 
diagram. However, there is an analogue to this diagram. Look at the dia- 


gram we get by changing connections so that py goes to pg instead of po, 
and pq to pg instead of p3. 


Amp. = [(4m)!el? (py — Ps) - (p2 — Py) 


x [1/(py + P3)’) 


in which the 7 and the m* annihilate, and the virtual photon recreates the 
pair in the final state. 
We find for the scattering matrix in the c.m. system, 


EB? 1+¥* cos? 9/2 | p? 2 
~ p? sin‘ 6/2 7 pe ee e 


Problem 21-3: Compton effect for 7~. We consider the process y + 77 
—> 1 +¥. There are three ways this can happen: 


M = 4ne?2 


Po G2 &2 
a = [(4n)'e]*(2p. + qe) + €2 
x {1/[(pi+ a4)? — m7I}(2p1 + ay) * 1 P= Pi+ ai 
= 4me*[(2pp ° E2)(2py * €1)/2p1 - ai] 
a2 
1 © PY 
since q: &€=0 and (p+ q)” — m? = 2p°q. 
P2 
b= (4n)'e (2p, — ay) * &4 
2 
x {1/[(p; — 42)? - mI} dats 


x (4n)!e (2p, — a1) * & ue 


= 4re” [(2po - &1)(2py * E2)/2p1 *4 
Pi 
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P2 da, &2 


ce = —4me? 2(& * €2) 


Qi Ef 


Pi 


Consider the frame of reference with the initial pion at rest, where P, = 0. 
Take €4 = 0. Then 
Pi ° & = me, = 0 Pi‘ &2, = 0 

and the only contribution comes from diagram c above. This result comes 
from our particular choice of gauge €,= 0. Note that the amplitude for each 
diagram is not gauge-invariant. The literature is full of false remarks as 
to the relative magnitude of various diagrams. Only the sum is gauge- 
invariant. Show that the result is gauge-invariant, by showing that substi- 
tuting En = €& + @ay produces no change in cross section; that is, substi- 
tuting &, = @,q,; or & = MQ, gives zero. 

Consider the frame with the initial pion at rest, P, = 0: 


If the photon is observed, and not the pion p,, we can get a convenient for- 
mula by eliminating p, from the equations by substituting p») = py + ky — ky. 
Squaring this gives m?= m? + 2p,-k; — 2p): ky — 2k,:ko, or in our system, 


M(wy — W2) — WyW2(1 — cos 6) = 0 
or the famous Compton formula, 
1/we = (1/w 3) + (1/m)(1 — cos @) 
for the change of frequency of light scattering from a free particle at rest. 


Problem 21-4: r* ~n™~ pair annihilation in flight. This is exactly analo- 
gous to the Compton effect, except that one of the m’s is now going backward 
in time. 

1 & G2 E2 


a = Bre" [(pp - &2)(Dy  €1)/p1* a] 


Py 
Pe 
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2&2 a1 &} 
b = 8me? [(py - &)(py - E2)/Py * Oe 
py P2 
& 
q1e1 a2 &y 
ce = —8re? (&1° &) 
Pi Po 


As before, we consider the frame in which P; = 0. Show by squaring 
Ki = b1 — Bo — Kp that m+ Ey = wo(m + E, — P, cos 8). Then 


K, 


M = —8re?(€;° Es) 


K, 


vdo = [e4w3/E(m+ Ep)] |&1- €2|? d@ 


We see that the total cross section is proportional to 1/v and becomes 
infinite as v—> 0. What does this mean? Suppose we had a gas composed of 
n 7’s per unit volume. The probability per unit time that a 7* moving 
through this gas with velocity v annihilates is 1/t = nov, which is a finite 
quantity. 

For a bound 7* — 17 system (analogous to positronium) n would be equal 
to the square of the wave function at the origin and T is the lifetime of the 
system. 


Spin-1/2 
Particles 


Recall the two-component spinor, whose behavior under space rotations 
of angle 6 about unit vector n was described by the operator exp (i@n- M), 
where M = (1/2)c. In Problem 21-3 you were concerned with the behavior 
of this spinor under Lorentz transformation. As was the case in space ro- 
tations it is sufficient to consider infinitesimal transformations. We write 
the corresponding operator as 


1+ i(v/c)-N 


where v is an infinitesimal velocity; c = 1. Proceeding as before, we have 
for a finite velocity v in the z direction the operator exp (iwN,) with 
tanh w = v/c. 
Thus we need six operators to represent a general Lorentz transforma- 
tion: 
M, My, M, 
N, Ny N, 


corresponding to the six rotations in four-dimensional space. These quanti- 
ties form an antisymmetric tensor with components 


My, M, x My 


May = ~My, -( ie., M, = My;, etc. 


Myx Myt Mit 


Either by algebra (studying successive Lorentz transformations) or by draw- 
ing figures we find the commutation relations 


M, M, - M, M, = iM, 
N, M, — My Nx, = iN, 


Ny Ny — Ny N, = —M, and cyclic permutations 
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All others commute; i.e., 
N,M, —- M,N, = 0 
These rules are all summarized by 
May Mor — MgpMyy = 106, My — Oy¢ Myo — SpoM yz + Spe Myo) 


Now we find the representation of the operator N that acts on the two- 
component spinor u. First of all, N must be a 2 x 2 matrix. 


We could put in some unknowns for the question marks and grind out the so- 
lution, using the commutation relations and M = (1/2)¢. It is easier, how- 
ever, if we notice that any 2 x2 matrix can be formed from a linear combi- 
nation of the four matrices 1, c,, dy, 0,. So we write 

N, = @1+ ao, + goy + ho, 
We notice that N, and o, commute. Therefore g =h = 0. We find 

N, = a1 + ao, 

Ny = 81+ boy 

N, =y1+co, 
We put these in the commutation relation 

N,M, — M,N, = iN, 

(a1 + ao,)(1/2)a, — (1/2)o,(@1 + ao,) = i(y 1+ coz) 

iag, = i(yl + co,) 


Therefore, 


By cyclic permutation, 
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b=a a=B =0 
Therefore, 
N=ag 


To determine a, we substitute N= ag in N,N, — NyN, =iM;: 
a® = -1/4 a=+i/2 
We can choose either sign for a. Suppose we choose the + sign. Then 
N = io /2 M = a/2 


However, consider the transformation properties of the mirror-image spi- 
nor. Under reflection N-> —N, since v—> —v and N-v isa scalar; MM. 
Therefore a two-component spinor and its mirror image do not transform in 
the same way under Lorentz transformation. In order to have reflection in- 
variance we need a four-component spinor. 

By writing o, = a-v/|v| the operator transforming u under Lorentz 
transformation is 


exp (-o,w/2) 


For instance consider the plane-wave state u exp(—ip-x). For a Lorentz 
transformation along the z axis, o, = 0, and u’ = exp(—o,w/2)u. We can 


construct the general case from the transformation of u = Ga) and (‘) 


0 1 
u= (5) u’ = exp (-w/2) (;) 


-(0) ew (0) 


Since N is not Hermitian u*u is not a scalar. Consider the transforma- 
tion of u* u: 


' = u* exp (-o,w/2) exp (—o, w/2)u = u* exp (—o,w)u 


u*/u 
Now, 


exp (—o,w) = 1 — o,w + (w?/2!) — 0, (w3/3!) + 7 


[1+ (w2/2!) + (w4/41)+ ++] —o, [wt (w?/31l) + +++] 
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exp (—c,W) = cosh w — o, sinh w 
Thus, 

u’*u’ = cosh w (u* u) — sinh w(u* o, u) 
Also, 

u’* o,u’ = cosh w(u*o,u) — sinh w(u* u) 


We notice immediately that u*u and u*o,u transform exactly like t,z, 
under Lorentz transformation: 


t’ =y(t - vz) 
} y = (1 — v1? 
z’ =¥(z — vt) 


Before we can conclude that u*u, u*ou form a 4-vector, we have to 
check the analogue of x’ = x, y’ =y: 


u’* o,u’ = u* exp (-0,w/2) o,, exp (-0,w/2) u 


u* exp (-a,w/2) exp (+ 0, w/2) o,u 
=u*¥ o,u 


Therefore we have discovered a new 4-vector, which we give a symbol Su: 


Now it appears that Sy might be satisfactory for the probability current. As 
before, normalize so that u*u = 2E. 
Then we have 


u* o,u = 2p S$, = 2p, 


Suppose we have a particle with spin up in the z direction: 
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There is trouble, because the probability current u*o,u is always rush- 
ing off inthe z direction. This means that this probability current cannot 
represent a particle at rest. 

Note that for this special case (u* u)? = (u* ou)’. This is invariant under 
rotations, so that, since any spinor must represent a particle spinning in 
some direction, calling this z, we deduce the above is true in general, That 
is, 

S us yp = 0 
always, or if we have Ss, = 2Py , we would have to have 
Py Pp = 0 also m=0 
Hence the present development is only valid for particles of 0 mass (and 


spin 1/2). We know of only one such particle—the neutrino. It is possible to 
prove in general that S,,o,u = 0. (Prove it by first taking the case 


=(() 


and then arguing that it must then be true for any u.) If we take S, = 2p, we 
must have 


Pp o,u=0 
or 
(E — p-o)u = 0 


We take this as the law describing the neutrino. It is true for each mo- 
mentum plane wave, and hence for any superposition of such waves, 


JE = p-0)cguy exp (~ip -x) [44p/(2n)8] = 0 
where Cp is any function of momentum. We can also convert this to an 
equation in coordinate space. 
This equation is simply 
J i, oy cpap exp (-ip -x)] [dp/(2m'] = 0 
or 
iV, M9 (x) = 0 


with 
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v(x) = { cpu, exp (-ip- x) [d°p/(2n)9] 
Written out in full, the general equation is 
{(a/at) + o+V_]e (x,t) = 0 


Define gp =a: p/|p|. Since p =E, the equation (E — p-o)u = 0 is equiva- 
lent to 


gpu=u 
This means that the particle always spins clockwise in the direction of 
motion. Actually from experiment we know that the neutrino goes counter- 
clockwise. However, remember the other possibility for the sign of N. 
For N = ig/2 we find that the quantity which transforms like a 4-vector 
is 
Si, = (u*u, —u*ou) 
In this case we get the equation 
(E+ p-a)v =0 
The particle described by v spins counterclockwise: 
pV =-V 
It is essential to note that u and v transform differently: 


uw’ = exp (-o,w/2) u v’ = exp (+ o,w/2) v 


We say that u and v are, respectively, cospinors and contraspinors. The 
corresponding transformations are called covariant and contravariant. 


Extension of 
Finite Mass 


In Lecture 22 we saw that Sy = (u*o, u) transforms like a 4-vector. This 
means that, for arbitrary B,, 


B, (u* oy u) 


is an invariant. 
From this we can see that 
B popu 
behaves differently from u under Lorentz transformations. 
Since u’ = u* exp (-c,w/2), 


(By o,u)’ = exp (+ oyw/2) (By, 0,4) 


Thus B, oyu transforms like a contravariant spinor (u being a cospinor); 
if v is a contraspinor then B oyV is a covariant spinor. 

Extension to Finite Mass. We have found that for spin-1/2 particles of 
mass 0, the equations of motion are 


(E — p-o)u=0 right-handed 
(E+ p-oa)v=0 left-handed 
We notice that such equations are not invariant under space inversion, p 
being a polar vector, o an axial vector. (A few years ago this would have 
been sufficient reason for dropping these equations—as was done 25 years 
ago by Pauli in ‘‘Handbuch der Physik,’’ p. 226—but now we know that parity 
is not conserved anyway, so we shall stick with our results.) 
Writing the first equation in the form 


Py o,u = 0 
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we observe that on the left-hand side we have a contravariant quantity. 
Therefore if we want to add some term that describes the mass or interac- 
tion of the particle, we have to be careful that it has the same transforma- 
tion property. For example, mu would be wrong, since u is a covariant 
spinor. 

After this, the simplest eligible term for a source (linear in u) is of the 
form 


Ayo,u 


For example, the coupling for 8 decay recently discovered is of this 
form; the interaction is 


* * 
(Uy Oy Up )(ug oO, U4) 


For the u-decay, u, represents the neutrino, u, the u meson, uz the electron, 
and uy the antineutrino. To find the term in the equation of motion of yw we 
vary with respect to ul; noting that U3 Oy ug is a vector (Ay) we see that we 
get the proposed form Ay Oy Up. 

Now consider mass again. The equation 


(E? — pu = m?u 


behaves correctly under transformation, but since u has two components, 
this describes two independent particles of spin 0. The real difficulty shows 


up when we include electromagnetic interaction. Then the above equation 
becomes 


[E -y)?-(p-A)]u=m*u 
The term o-H characteristic of spin-1/2 particles does not follow from 
this equation. 


We notice further that in the absence of interaction there is no way to 
distinguish between 


(E + p-a\(E — p*a)ju = mu 

and 
(E2 — pyu = mu 

However in the presence of interaction, the substitutions 
E~E-g@ p—~p-A 


do give different results for the two equations. 
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Note that u is covariant; (E — p:o) makes it contravariant and (E+p-g) 
makes it covariant again. Thus we introduce the contravariant spinor v by 


(E — p-oju = mv (23-1) 
Then we have 
(E + p-o)v = mu (23-2) 
These coupled equations transform correctly; when m = 0 they give the 


previous results (but are no longer coupled). Together they are equivalent 
to the equation 


(E + p-o)(E — p-o) = mu (23-3) 


We can combine (23-1) and (23-2) in a single equation by introducing the 
four-component spinor 


nae & 
y= Be = 
1 v 
V2 
Define the matrices 
0 0 1 0 
_[0 0 0 1 0 1 
Y% “|1 0 0 0 
0 1 00 1 0 
0 -¢C 
y = 
Co 0 


When y; operates on W it interchanges u and v: 


von) -() 


Similarly we have 


2 a ar 1 


Equations (23-1) and (23-2) are then summarized by 
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mW=(E y¥,—p-y)¥ 
or 
mY = py Vp (23-4) 
Equation (23-4)[or Eqs. (23-1) and (23-2)] is known as the Dirac equation. It 
contains mass and has the correct transformation properties. One can think 
of Y, as behaving like a 4-vector. 
(The Dirac equation is sometimes written in the form 
(pe @ + mB)¥ = Ev 
This is equivalent to (23-4) with the relations 
Wt =8 a= 7] 
It is useful to know the properties of the y matrices. We see easily that 
Y= ¥,= 1 
Vt Vx + VxVe = 0 
The complete rule is 
Yury + Yo%p= 25uy (23-5) 
In most problems one need not use an explicit representation for the y’s 
but can derive everything from the commutation relations (23-5). 
The Current. By constructing a mixture of the states u and v we can 
find a probability current that can also represent particles at rest. Recall 
that the quantities 


(u* u, u* ou) (v* v, —v* ov) 


are 4-vectors. 
Suppose that we have a particle with spin up in the rest frame: 


1 
a=(1)-y, p= 0, mv = Eu 


(u* u, u*gu) = (1,0, 0,+1) 


(v* v, -v* ov) = (1,0,0,-1) 
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We note that we can cancel the space parts by defining a new 4-vector 
that is just the sum of the above vectors: 


S, = (ut¥u+ v*¥ v, u* ou — v*¥ov) 
The new current has the exemplary property that its space component is 0 
in the rest frame of the particle. Further simplification may be made by 
writing S, in terms of ¥. It is easily seen that 


S, = (GY, Wy, W) 


where ¥* is the Hermitian conjugate matrix to ¥. To put this in a more 
convenient form, we define 


V=V*y, 
Then S, = (¥y,¥, Vy¥) assumes the form 


aW (23-6) 


Vy Sy = 0 (23-7) 
For, consider the Dirac equation and its conjugate, 

iV Vp -mvW=0 

ivy, Yr, + mb = 0 


Multiplying these equations by ¥ on the left and W on the right, respec- 
tively, and adding, we obtain 


MW(VYyyy¥) + (VV pe = 0 


which is Eq. (23-7). 

However u or v by themselves cannot form a conserved current. For 
example, V, (u* oy, u) = 2m Im(u* v) = 0. [This follows from Eq. (23-1) for 
u.] 

Finally we note that Eqs. (23-1) and (23-2) are changed into each other by 
the transformation 


uv p— -p 


S, is unchanged by this transformation. Thus the equations are invariant 
under reflection (but the B-coupling term is not). 
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Action Principle. The Dirac equation (23-4) [and hence (23-1) and (23-2)] 
may be derived from the action 


S= f (Y Py ph - mvv) d‘r 
Introducing the useful notation (ay is a 4-vector), 
A= ayYy 
we write the action for a particle of spin 1/2 in an electromagnetic field: 
s’= f[¥@ - Ay - m¥y+ (1/4)F,y Fy] a’ 
Varying S’ with respect to v gives the equation of motion for the particle 
(6 - m)¥ = AY 
From this equation we shall see that the propagator for a particle of spin 
1/2 is 1/(p—m). For making calculations, since (~ — m)(¢ + m) = p* - m? 
we shall often use the relation 
1/(p — m) = (6 + m)/(p? — m’) 


From the coupling term e’ WAY in the Lagrangian we obtain the fundamental 
amplitude for the interaction of spinors and photons: 


PaSe 


Amp. = (4n)'e U,, (P2)8 Us, (P1) 


Properties 


of the Four- 
Component 

Spinor 
We shall consider now the properties of the four-component spinor 


which satisfies the Dirac equation 
pU=mU 

or in two-component form, 
(E - p:o)u=mv 
(E + p-o)v = mu 


First of all, there are only two linearly independent solutions of this 
equation. Consequently it represents a particle of spin 1/2. How does U 
transform? We have seen that under a Lorentz transformation along the z 
axis, 


a 


u’ = exp (—o, w/2)u v’ 


= exp (+ o, w/2)v 
Therefore, 
exp (-o, w/2)u 0 
U' = 7 com (w/2) — sinh (w/2) ee = ) U 


exp (+ o, w/2)v 


We can write this transformation in more compact form using the 4 x 4 
matrices 
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introduced earlier. We have 


o, 0 
Vt Vz > 0 0, 


Hence 
U! = exp (-7,7, w/2)U 
and 
N, = (i/2) 72 
Since this transformation corresponds to a rotation inthe tz plane, we ex- 


pect similarly that M, = (i/2) ¥xVy for a rotation in the xy plane. Let us 
check. Substituting our representation for the y matrices we find 


-if% 9 
” 2 € = 
and 
exp (ia, 6/2)u 
U’ = exp (-VxVy 92 /2)U = 
exp (ic, 6/2)v 


Let us return to the problem of describing the spin states. If the particle is 
at rest the Dirac equation is just 


my,;U = mU 
Therefore, 

u=v 
This shows that there are only two solutions, which we can take as spin up 
and down along some axis. For instance, for spin up along the z axis, we 
have 

o,u=u o,V=V 
or 

o0,U=U 


However, if the particle is moving, u =~ v (since u and v behave differ- 
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ently, under Lorentz transformations). We must be more careful in describ- 
ing the direction of spin of a moving particle. If we take o along the direc- 
tion of motion, it is possible to describe the solutions as spin up (right he- 
licity) or down (left helicity): 


gu, = mU, opU, =+U, 


But o along the direction of motion is not a Lorentz-invariant idea. 

If gis in an arbitrary direction, we cannot find a solution of the Dirac 
equation which is also an eigenfunction of o@(o and # do not commute). Let 
us try to find another way of describing the spin states. Returning to the 
rest frame we have 


¥,U=U o,U=iyxyy, U =U 
Then also 

0,7,U =U 
Now, we introduce the matrix 


Y5 = Ve VxVyVz 


which is Lorentz-invariant, and write 
OnVe =1VxVyVe =1V2¥s 


Also, let W be a 4-vector satisfying WiPp = 0, Wy Wy = —1. In the rest 
frame, W, = 0 and W is a unit vector in any direction. In particular if W 
is along the z axis we have 0,7; = iWys. Therefore U satisfies 

iWy,sU =U. 

We started in the rest frame, but now the equation is Lorentz-invariant, 
i.e., valid in any frame. Hence for a moving particle, the 2-spin states are 
eigenstates of iWy;, where (W: p) = 0, W? = -1. Physically they represent 
spin up or down along some axis in the rest frame of the particle. 

When we do a problem, we shall find in general that the amplitude is of 
the form m = U,MU;, where M is a combination of y matrices and Uj, U, 
are the initial and final spin states, respectively. 

The task is to compute the probability, which is proportional to 


m* m = (U,MU,)* (U,MUj) 
= (UjMU,)(U,MUj) 


where M is M with the order of all y’s reversed and each explicit i—> —i. 
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[From the definition U = U* Yt_we see M = ¥:(¥_M)*, where * means Her- 
mitian adjoint. This rule for M does not show the invariance clearly. The 
rule given above is simpler. Check that they agree, for yourself. For in- 
stance, 


also 


which is very useful.] There are two ways of calculating this. 
The first is the obvious way. Solve the pair of equations 


pU = mU 
iwry,;U = U 

for U; and U, and then compute 
m = (U,MU;) 


A much better way, which is ordinarily used in practice, is the following 
trick. Suppose that we are not interested in the final spin states. Then what 
we want is 


z (U,MU,)(U,MU)) 


2 spin states of U, 


This can be written in the form 
(U;MXMUj) 


where X = £2 spins§U2Uz; is a 4x 4 matrix (note the ‘‘wrong”’ order of U and 
U). What is this matrix? Let us take a co-ordinate system in which the par- 
ticle is at rest J = my;,. Solutions are (normalizing UU to 2m and dropping 
the subscript 2): 


if2 


Spin up = (m) Spin down = (m)!/”2 


Oro 
Kr OrFO 


Then 
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1010 000 0 
=a 0000 = Oct 02 
Oy, Uyy=m 1010 Vgown Udown = 0000 
0000 010i 
and 
1010 
0101 
KX=m{ 9 49] 7 mre +) 
0101 


or, in invariant form, X = ~ + m, which is then valid in all frames of refer- 
ence. 

Incidentally, another way this can be understood is to note that the law of 
matrix multiplication implies that 


z (U,;AU)(UBU,) = 2m(U,ABU}) 

all 4 states of U 

The four states U are not only the two belonging to the eigenvalue +m of #, 
pU = mU which we want, but also two other states belonging to the other ei- 
genvalue —m, ~U’ = —mU’. But if we write A =M (p+ m), we shall get zero 
for AU’ = 0 for the unwanted states and AU = MU 2m for the wanted states. 
Therefore, 


E  (UyMUp)(UzMU,) = {Uy M[(p, + m)/2m] Uz} (U2MU}) 
4 states 


2 states 
= [Uy M (p, + m)MUj] 


If in addition the incident state is unpolarized we must average over the 
two spinors U,. If we now use the fact that 


z (U, AU;) = 2m spur A 
4 states 


we see that 


ZZ _ (UyMU,)(U,MU,) = spur [M(p, + m)(#1 + m)) 


spin 1 spin 2 


Later on we shall discuss what to do when we are interested in the spin 
states. 

Our whole problem has been reduced to the calculation of the spur of a 
combination of y matrices. How do we calculate these spurs? We note (look 
at the sum of the diagonal elements of the matrices y;,7,, ... given pre- 
viously) 
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sp ¥_ = 0 
Sp Yx = 0 
sp Yy = 0 
sp Y, =0 


For any two matrices A, B, 

sp AB = sp BA 

sp(a@A + BB) = aspA+BspB a,8 complex numbers 
Using this rule we find 


SP YxVy = 8P VyVx 


but 


VxVy = —Vy¥x 
SP Yx Yy =0 


Only one spur is not zero—the spur of the unit matrix: spur 1 = 4. 

This is a tremendous simplification; to find the spur of any complex 
product of y matrices we need only find the component along the unit ma- 
trix. (There are sixteen linearly independent products of y matrices and 
any 4X4 matrix can be reduced as a linear combination of these, just as 
any 2 x 2 matrix can be written as a linear combination of the three Pauli 
spinors o and the identity.) 

The spur of any product of an odd number of y matrices must vanish. To 
reduce a product of an even number of y matrices we proceed as follows: 


sp (AB) = sp (Bd) = (1/2) sp (db + BA) 
= 4(a-b) 
sp (Abéd) = — sp (bddd) + 2(a-b) sp (fd) 


sp (bA¢d) = — sp (bédd) + 2(a-c) sp Kd) 
sp (b¢édd) = — sp (bédd) + 2(a-d) sp (BA) 


but 


124 THE THEORY OF FUNDAMENTAL PROCESSES 


sp (bédd) = sp (Ab¢d) 
sp (Ab¢d) = 4[(a - b)(c-d) — (a+ c)(b-d) + (a-d)(b- c)] 


The idea is to push the first linear combination of y matrices to the right, 
at each step using the identity 


Ab = — Bd + 2(a-b) 


When 4 reaches the other side we get back the spur we started, but with op- 
posite sign, since we have an odd number of transpositions. The remaining 
spurs will now consist of a product of two less y matrices, and the whole 
procedure is repeated until we get to the unit matrix. 


The 
Compton 
EKffect 


To get some familiarity with the spur technique we shall calculate in de~- 
tail the Compton effect, the scattering of a photon from a free electron. Two 
diagrams contribute to this process: 


Pa 2&2 


Amp. = U; (4n)'/?e g, 


Pit Qi 
x [1/(p, + dy —m)) 


x (4n)'/2e gi, 


qe Pi 


For complex polarization €,&; wave going out couples with Es (like an 
outgoing wave function). From left to right we have: (4m)! 26 ¥,, amplitude 
to absorb the incident photon, 1/(p; + ¢; — m) = amplitude for propagation of 
the virtual electron, (471)!/%e ¥%. = amplitude for emission of the photon in 
the final state. At each vertex energy and momentum must be conserved. 
The total amplitude is the component between the initial and final state of 


the electron. Adding the diagram with the order of absorption and emission 
reversed we find then m = 4re? U,MU;,, where 


= 1 1 
Wo 8 Brgom te gm 


This is all the physics in the problem; the rest is pure algebra. First, we 
rationalize denominators, 
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Also, 
(py + gy)? — m? = pi + 2py-qy + q} — m? = 2py-qy 
(pt — a1)? — m? = -2p;-qy 

and, therefore, 


(By + dy + m)ey iy (by — do + m)%2 
2p4° 4 ; 2p4 * A 


M= ¢@, 
Note that M is taken between U, and Uj, since 
6,0, = mUy 
We obtain further simplification by moving p; to the right. Note that 
O12 1 = —@ 1b, + 2p, Ey 
bi 2 = —Sapy + 2py* Ee 
M = [goqy8y + 282(Py - &4)] / (22, * a4) + [81282 — 284 (1, * & 2)1/(2P, * a2) 


Finally if we choose the frame of reference in which the electron is initially 
at rest, we have 


Pi °O, = Mwy 


Pi * G2 = Mw 


py &1= PE, = 0 


since €; and &» are spacelike and 
M = (1/2 m)[(2 94, 81/04) + (84h28%2/w2)] 
To calculate the scattering cross section we need 
1/2 SZ = (UyMU2)(U2MU;) 
spin 1 spin 2 


= 1/2 spur [M(p, + m) M(#; + m)] 


(see Lecture 24). 
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Let 
A = sp[€7A1%2 (by + m)¢74121(; + m)! 
B = sp(@fdio(b2 +m) io? (B, + m)! 
C = splF ood T (by + m)¢7 412100; + m)] 
D = sp[@ ood T(t. + m)e sho3 (61 + m)) 
Then 


1/2 sp[M(t, + m)M({1 + m)) = (1/8m?2)[(1/w4)A + (1/wyw2)(B + C) 
+ (1/w3)D] 


Consider A. Since 9%; gi = —1, we shall try to get the two g/;’s together. 
Note that #19; = —@iv1- 


A = splet did (be + medi ¢7A1¢ (41 + m)! 
= sp [dite (be + m)2¢7d1(¥, — m)] 
= 2(p2*€2) Sp lds? adi (1 — m)) + splds (Be — m)Ai9, — m)) 
Now we use 
sp Ab=4a-b spAbd¢ d =4[(a-b)(c-d) — (a-c)(b-d) 
+ (a+ d)(b-c)] 
to get 
A = 8 [2(p,- © 7 )(ay- €2) + (a1 + Pa)] (a4 -P2) 
If we interchange £;-~ E>», qd, we get 
D = 8 [2(pp + €1)(a2° €1) + (2° pe)! (a2 Pi) 
For py = (m,0) 
Po &2 = 41° &2 Pe-&4= —G2°&4 


Gi P2 = Mwy Go °P2 = Mw, 
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and 
A = 8mw,[2|(qy°€)|? + muy] 
D = 8mw[-2|(q-€,)|? + may] 
Next consider B. We begin by moving 9%; to the right: 
B = spl@t dyPo(b2 + m)2 14293 (61+ m)] 
= Xe 1-42) { spletdr% (he + m)e7 (6, + m)] = a} 
~ 2(€,-€7){ splefdide (be + m)h2 (61 + m)] = B} 
+{sp [did 2(B2 + m)d222 (1 — m)] = vy} 


Pushing g, to the right in a and y and substituting p, = fp, + di — de inB 
we get 


@ =2(p, +2) sp [¢fAr22(B1 + m)] - spldT dy, — m)(hy + m)) 
B= sp[¢Tdieolys + m)do(, + m)] + spldT digodidalds + m)] 
= 2(p, + G2) sp (¢fdy22(61 + m)) + 2(ay- €2) spleTArda(s, + m)) 
¥ = 2(py* £2) spldided2(B1 — m)] — split, — mda, — m)] 
Evaluating the spurs we get 
a = 4{ (ef - pe) (-(ef - € 2a Py) + (ET Pyar E2)] — (€7 - Pe) 
x (ai: Pa) + (ET Ps) a4 - Pe) } 
= 4{2(E7 -a)[-(ET &2)] + (EF *a2)} may 
B = 4{2(4 + G2) (-(eT * © 2)(a1 +1) + (ET -P1)(ar - E2)I 
+ 2(qy°€2)[-(ET -a2Mar+ Px) + (Ef * P1)(a4 42)! } 
= 4{2mw,(-€4° EF) + 2(ay*€2)[-(ET -a2)] } may 
¥ = 4{2(p2-€2) (as a2(E3 “P1) — (ay = E2)(G2*P1)) — (a4 + P2) (G2 * PA) 


+ (41° 42)(P2 + P1) — (a4° P1)(P2 +42) — m? (qy -a2)} 
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4{2(q1 -€F)(—ay +E) wam — (Gy * Pz) wam + (Gy *G2)(P1 * Pe) 


— wym(P2 + a2) — m?qy- a2} 


4{2(qy + €2)(—ay + E2) wom — (we + wH)m + (ay + 2)(P1-P2 — m*)} 


The last term can be simplified by substituting 


(ay - G2) = (1/2) (a4 - a2)” = —(1/2)(p1 — Pa)? + Pi: 2 — m0? 


m(W, — We) 
y = 4{2(a1- EZ )(—a4 - E 2) 2 — 2wyw2} m 
Finally, 
#12 
B= 8 {je&4- a9 mw — lay & 21? MW, + MW, MW, [2|6,-€3| = 1) 
+ [2(ef - EF -as)(E1“a2) — 2(E1 EF)(E2-ay (Et -a2)) muy} 
A similar calculation for C gives B* =C (so that the last two terms in B 
cancel out inthe sum B+C). Note that this result cannot be obtained by just 
interchanging €;-*€, and q;~~q» in the final expression for B, because 
we obtained it in a special frame of reference; namely, that one for which 
Pi = (m,0). (One gets it by reversing the order of all factors in B.) Collect- 
ing our results we get 
1/2 spur[M (6. + m)(M(, + m)) 
= (1/m*)[(m/w1)(2|qq* E2|? + mw) + (m/w2)(-2|qp - & |? + mwy)) 
+ (2/wywe)l|Ey- gel? maz — lay: E2]? mw, + maymw, 
x (2|e+€2)? — 1] 
= [wy /we) + (we/u4) — 2 + 4 (E41 EF)(ET - E2)I] 
The scattering cross section is given by (see Lecture 16) 
do = [(4n)? 4/24 mw Ep we] [(w4/we) + (we/u4) — 2+ 4/4 OF |? 


x 27D 


D is the density of outgoing states per unit range 
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D = E,w$d0/(27)* mu, E, =m + a — w, 
1/w» = (1/w4) + (1/m)(1 — cos 4) 


@ is the angle between the incident and outgoing photon. Substituting in do 
we obtain finally 


do/dQ = (r§/4)(w_/w 1) [(w1/we) + (we/wy) -2 + 4647/7) 
ry = e?/m 


In the nonrelativistic limit (w;«m) we have w,; * wz and the cross section 
reduces to that for a scalar particle 


do/dQ = r2(w,/w,)"|e, EF]? 


while in the extreme relativistic limit (w; > m) we have wy =m <“ wy (ex- 
cept near @ = 0), and 


da/dQ = (12/4)(w2/w,) 
Physically this means that in the nonrelativistic limit the interaction takes 


place mainly through the charge, whereas in the relativistic limit it is 
through the magnetic moment of the electron. 


Direct Pair 
Production 
by Muons 


As another example consider direct pair production by a muon incident 
on a very heavy nucleus of mass M, spin zero, and charge Ze. In the labo- 
ratory the process is something like the one shown in Fig. 26-1. The im- 


py 


——_ 
e- 


M 
FIG. 26-1 


portant processes contributing to direct pair production are shown in Fig. 
26-2 (a) and (b). Note that —q, is the true momentum of the positron. From 
the conservation laws: 


ky = Py — Py 
Ky = Py — Pe 
a1 + pit Py=qe+ Pot pe 


There are also two other ways for direct pair production to occur. We just 
state that they are negligible for the case considered, Fig. 26-2 (c) and (d). 
The essential reason that diagrams (c) and (d) are negligible is that it is 
difficult for a heavy particle to emit a photon. For direct pair production by 


electrons this argument does not apply, so that diagram (c) will become im- 
portant. 


For diagram (a) the amplitude is 
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(a) (b) 


(c) (d) 
FIG. 26-2 
4ne”Z{U(ae) 7, (1/ (di + Ki — m)] ¥y Ulan} (1/4) (1/43) 
x [U(p2) v7, U(py)] Cit Pz) 
In deriving this result we have followed each particle along its world line. 
U(p;), U(p2) refer to the muon states; U(q,), U(q2) refer to the electron 


states; m is the electron mass. 
The amplitude corresponding to diagram (b) is slightly different. It is 


4me? Z{U(a2) ¥y(1/ (ds + Kr — m)] ¥, Vlas} (1/91 /) 
x [U(P2)¥, Ulpr)] (Pr, + Pa,,) 
Now if M is very large 


P,; = Pp, =M6 
ly zy Ha 
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This approximation corresponds to the neglect of the recoil of the nucleus. 
We now show that neglecting recoil is equivalent to including only the Cou- 
lomb interaction with the nucleus. Suppose the nucleus is initially at rest. 
Since P, = P,; + kj, we have 


2P, +k, + ke =0 


or 

2Mu, + w? — K?= 0 
so that 

w, ~ K?/2M = 0 
Hence 


1/k? = -1/K? 


The latter form is just the Coulomb potential in momentum space. 
One can take into account the screening of the nucleus by surrounding 
electrons, for example, by replacing 1/K? by the Fourier transform of an 


effective potential. For instance, if V(r) = (Ze?/r) exp (—ar), the appropri- 
ate form is 


1/ (Kj + a?) 
We have assumed that the spin of the nucleus is 0 [amplitude for emit- 


ting a photon (4n)!/2 Ze (P1+ Py):&). Suppose the nucleus had spin 1/2. Then 
the amplitude for emitting a photon is (4n)1/ 2 ZeU(P2)¢(P;). We have 


UT (P2) ¥yp U(Py) = (1/2M)U(P2) (Po Vy + Yy BU(P2) 
Substituting k; = Py, — P,, we get 
U(P2)Y , U(P1) = (1/2M)(Py, + Pay) U(P2)U(P;) + (1/4M)U(P2) 
* (KY — ys) U(P4) 
The first term is the contribution of the charge. In the limit M+, 
U(P2)U(P;) = 2M (no spin flip) and we get the same result as in the 0-spin 


case. The second term is the contribution of the magnetic moment. It is 
proportional to the recoil momentum, which is negligible in this case. 


Higher-Order 
Processes 


Consider the scattering of two electrons. The lowest-order term corre- 
sponded to the diagram 


Amp. = [(4m)!e]? (Uv, Us)(T27 y U1) 
x (1/q?) 


qQ=P2- Pt 


and the ‘‘exchange’’ diagram. 
Now suppose we want to know the answer more accurately. It is then 
necessary to consider the two diagrams of Fig. 27-1. 


Pe Pa 
pi-k pj +k 
k 
Pi P3 Pt P3 


(a) (b) 
FIG, 27-1 
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The amplitude for diagram (a) is 
[(4n)el* f {i 7, (1/ (63+ K -m)l yy Us} {Uoy, (1/61 — Kk - m)ly, Ui} 
x (1/k*)[1/(q — k)7) (d*k/(277)4) 


Note that we have integrated the amplitude over all possible photon mo- 
menta in the intermediate states. The factors 1/k’, 1/(q-k)? correspond 
to the propagation of the photons. The convention used in writing the factors 
in parentheses is that right to left in the matrix element corresponds to fol- 
lowing the arrow attached to the line of each external particle. Each exter- 
nal particle line is being followed independently of the others. Thus the fac- 
tor {Up y ,l1/(; -K-m)l yz U,} says that a particle in state U, emits a pho- 
ton of polarization p (factor Vp)» momentum k; after propagating according 
to 1/(¢,;-K-—m) it is scattered to the state U, by interacting with another 
virtual photon (y,). 

This integral can be computed. It behaves at large k like fru“ dk/k®) so 
it is convergent. However, there is some trouble at small k, but this has a 
good physical explanation. It turns out that we are asking the wrong question 
when we demand the amplitude for scattering when zo photon is emitted, as is 
implicitly implied by the diagrams on p. 134. In fact we cannot scatter two 
electrons without some low-energy photon being emitted. Instead we must 
ask for the probability that no radiation energy greater than Ae be omitted. 
This is equal to the probability that no photon at all be emitted plus the prob- 
ability of one photon of E,; < Aé plus probability two photons with total en- 
ergy E, <Aé, etc. The first two terms are separately divergent in order e&, 
but if we add them together we get a finite answer, in order e°®. 

For instance for small w the photon-emission amplitude varies like 
J (dw/w). If we cut off the lower limit at x, and similarly for the amplitudes 
of diagrams (a) and (b), then x will cancel out of the result, so that the limit 
x—0 may be taken. However this direct procedure is not easily maintained 
relativistically invariant and can thereby cause trouble. 

Instead suppose that the photon had a very small mass (mass is invariant) 
dX. Thus in the photon propagator we replace kK? by k? — A?. Then the ampli- 
tude for diagrams (a) + (b) contains a term In(m/A). 

Now consider the lowest-order amplitude diagrams (a) + (b). The cross 
term is proportional to e®, 

The probability for no photon is then proportional to e* + ae®In(m/d), 
where a is some number greater than 0. 

Now for the diagram (e°) of Fig. 27-2. We find that the probability of one 
photon with E <Aé is 


-e'a In(c/r) 


The other numerical factors are the same. 
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FIG, 27-2 


Thus, adding, A goes away to the order (e). All such divergences (called 
the infrared catastrophe) go away if the proper question is asked. Bloch and 
Nordsieck first saw the answer to this problem. 

It might be objected that as A 0 and e?1n (m/A) ©, the perturbation 
theory is not valid. Yet we have a lot of room in which to work in practice. 
We might ask how small A would have to be before the correction is not 
small. Thus we require that 


e? In(m/A) « 1 
or 
aA/m « e137 sw 10780 
A<«K 10° m 
We have seen that the so-called infrared catastrophe was really no ca- 
tastrophe at all. 
Next, we turn to an entirely new type of diagram. A photon emitted by an 


electron may be absorbed by the same electron. 
An example of such a process is the diagram of Fig. 27-3. 


FIG. 27-3 
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The amplitude is 
(4m) /e]* f (yy, Us){ Tov l1/(b, - K- m)] 7, 1/(ps —K- m)] ¥,Us } 
x (1/q?)(1/k*)ld* k/(2m)*) 
Now we have a disease—trouble! For large k this integral goes like 
Jibdk/k! 
since strictly we should integrate over all k, and the integral is logarith- 
mically divergent for large k. 
This is called the ultraviolet catastrophe, in order to distinguish it from 
the other. In contrast to the previous case this really is a catastrophe. It is 
not solved. But we do have a method of sweeping the dirt under the rug: 


First, let us write down all the fourth-order diagrams (Fig. 27-4). There is 
one more, corresponding to another disease known as vacuum polarization 


1} 
OH 


ox 


FIG, 27-5 
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Before attacking these problems consider a simple case. In second or- 
der we can have the diagram of Fig. 27-6, corresponding to virtual emission 
and absorption of the photon by the electron. 


FIG. 27-6 


Now nothing is really free. For an electron going from X to Y, the pole 
of the propagator for a free particle is at p’ = m?, However, making meas- 
urements at X and Y we could not tell if the electron had emitted and ab- 
sorbed any number of photons. Such processes, the simplest of which is 
shown above, cause a shift in the position of the pole. Physically, this means 
that what we measure (the ‘‘experimental’’ mass, Mexp) is not the ‘‘bare’”’ 
mass but something else which includes the effect of the virtual processes 
mentioned above. Mathematically we define the experimental mass as the 
location of the pole of the propagator when the above processes are taken 
into account. This discussion shows that the ‘‘bare’’ mass (which will now 
be called mg) is in fact not directly observable. By using this fact we can 
invent a prescription that circumscribes (but does not ‘‘solve’’) the diver- 
gence difficulties in electrodynamics. This procedure does not work for all 
the arbitrary theories that people have invented; for example, the pseudo- 
vector meson theory. 


Self-Energy 
of the 
Hlectron 


The self-energy of the electron is an old problem; it appeared in classi- 
cal physics. If you assume that an electron is a ball of radius a with all its 
charge on the surface, then the total electrostatic energy Ep = e”/2a. Maybe 
the mass m of the electron corresponds to this energy. However, if you 
compute the momentum P carried by the field when the electron is moving 
with velocity V (including the Lorentz contraction of the ball) you find 
P = (4/3)E) V/(1 vil, This corresponds to a particle of mass m = (2/3) 
x (e?/a). Poincaré suggested that something must hold the ball together and 
that the forces would contribute an additional amount of stored energy. But 
there is no reliable theory for these forces. 

This self-energy comes from the energy needed to ‘‘assemble’’ the 
charge. From one view it is the energy of interaction of one part of the 
electron charge with another. One way out might at first seem to be to deny 
that an electron can act on itself—to suppose that electrons act only on each 
other. (Then the electron could be a point charge.) Yet the action of an 
electron on itself is required to explain a real phenomena, that of radiation 
resistance. An accelerating charge radiates, losing energy, so the accel- 
erating force must do work. Against what? Against a force generated by 
the action of one part of the charge on another, according to classical 
physics. 

You can calculate the force F on a moving charge ball due to the inter- 


action of the electromagnetic field of one part of the ball on another. This 
force is 


F = (2/3)(e2/a) ¥ + (2/3)(e"/c*) ¥ + O(a) 


The first term agrees with the mass computed from the momentum of the 
field. The second term is the reaction force due to the radiation emitted by 
the electron and does not depend on a. However, it is not consistent to let 
a—0. A spread-out charge has never been thoroughly analyzed. Problems 
about internal motions, etc., arise. Actually, these problems were solved 
classically in various ways, but none of the ways have been carried over 
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successfully in quantum mechanics. (For references see R. P. Feynman.”) 

Mass Renormalization. We discuss now the analogue of this problem in 
quantum mechanics, mass renormalization. Consider the amplitude for an 
electron to propagate between two vertices X and Y. The lowest-order dia- 
gram is 


Y 


1 
Amp. = Y 7— X 
mp. me 


Ss 


x 


It is also possible that the electron emits and reabsorbs a virtual photon 
while traveling from X to Y. 


Amp. = vane? [1 y, ——1— y, yon 
ont 
Pia Os 
where 
c= ane? fy, rea aos 


C is an invariant of the form C = A(p’)p + B(p?). What is its physical mean- 
ing? Suppose C is small. Then we can write the first two terms as 


1 1 1 1 
—_—. + —— —— X= —s-———— XxX 
ae x Ne ae ba yee =E 
This is in virtue of 
1 
s = aa Cc + : Beeoues Cc ++ 


(a special case of a general relation for any two operators A, B, 


1 


B—+ 
A 


1 1 1 
ZBGBis.) 


If C were just a number we could consider it as a correction to the mass. 


ee 
—+— 
A-B A A 
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The first and second terms in this series are the amplitudes of the electron 
propagator with zero and with one virtual photon, respectively. It is easy to 
verify that the third term is a contribution due to two photons, 


Y 
Amp. = Y u Cc Cc ! xX 
P- p-m p-m p-m 
».4 


the fourth term, to three photons, etc. However, these diagrams include only 
processes in which there is only one photon at any given time. For instance, 
two other ways in which two virtual photons appear are given in Fig. 28-1. 


p 


We shall for the moment forget these diagrams; they contribute terms of 
order e‘ to C when we write the total amplitude for propagation of an elec- 
tron between X and Y in the form 


FIG. 28-1 


1 


1 
~-m-C~ f-m-Ag-B 


where A and B are functions of p’. The pole of this propagator gives the 
relation between energy and momentum for the free particle, and therefore 
the experimentally observed mass M exp. 

By rationalizing, 


1 _ {1-A)p + (m+B 
(1—A)p - (m+ B)  (1—A)*p? - (m + BY? 
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we see that the pole is the solution of 
[1 — A(p’)]’?p? — [m + B(p’)]? = 0 
Incidentally, if there happens to be more than one pole, this could be inter- 


preted as another particle (maybe the » meson). Assuming A «1 and 
B<«m we can set A(p’) = A(m?’) and B(p”) = B(m?2). Then 


2 

p= kee = mexp 
or 

M exp =(m+ B)/(1 - A)=m+6m 
where 

6m = B(m2) + mA(m?) 

Thus the propagator has a pole at p = Mexp, So for p? near Th ep it be- 

haves as some constant (the residue at the pole) times (f — Mexp 7! We 


write the residue at p* = Tiga as 1+ r. We can rewrite the propagator in 
the form 


(1 + r)/(6 — mexp) 
(r can be expressed in terms of A, B, and their derivations A’ (p’), B’ (p?) 
evaluated at p? = eels The change from the usual form (f — Meyp) can be 
interpreted as a correction in the photon coupling strength ” [for a term 
(1 + r) would occur in each propagator if we said the coupling strength is 
(1 + r)!/2 for each coupling with a photon]. The next step, of course, is to 
evaluate the functions A and B. For this purpose we need to evaluate the 
integral 

f g-K+m d*k 

; an p?-2p-k+ k?— m? Yu k? 
If we use the relations 

YuVp =4 
Yu d Yu = —2d 


we get rid of the y,,. For 6m we should set p? = m2. We get 
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f -2(6 — 4) + 4m dtk 
-2p'kt+k® ke 

This integral diverges. Let us look at its value for large k where the first 

denominator can be approximated by k’. The term containing would then 

cancel by symmetry. What is left in the integrand is proportional to k® dk/k* 

for large k and therefore the integral is logarithmically divergent. Quantum 

electrodynamics has fallen flat on its face! 

Bethe noticed that this is the only infinity that exists in electrodynamics 
(except another one which we shall discuss later on). Suppose we had a rule 
so that temporarily the integral was made convergent. For instance, we 
could assume that the propagator 1/k? must always be multiplied by a rel- 
ativistically invariant convergence factor C(k’). 

If we let 


C(k’) = -[r2/(k? - v’)] 


(this is chosen to be 1 for small k’, but to cut the integral off for very large 
k’) the integral can be evaluated. One finds (for methods see reference 11) 


6m = m(3e2/27)[3 In (A/m) + (3/4)] 


neglecting terms of order m/A. 

If you calculate any process to higher order you will find a term propor- 
tional to In(A/m) (no problem, for spin-1/2 electrons interacting only with 
photons yield nothing worse than logarithmic divergences). Now wherever 
you find m substitute mexp— 6m and expand to first order in 6m. Then the 
miracle is that the coefficient of In(A/m) becomes identically 0. The remain- 
ing terms have a definite limit when A — ~. In other words, the magnitude 
of the cutoff parameter A does not appear if we always express the solution 
of a problem in terms of the experimental mass and let A —-~, keeping Mexp 
fixed. 

Using similar ideas, Bethe tried to calculate the displacement of the en- 
ergy levels in the hydrogen atom due to the self-energy of the bound elec- 
tron. This had been prompted by the experiment of Rutherford and Lamb 
who observed, using microwave techniques, a separation of about 1000 Mc 
between the 2S;/. and 2P,;/. levels in hydrogen. If we neglected the interac- 
tion with the radiation field these levels would be completely degenerate. 
Bethe made an incomplete calculation, using a nonrelativistic approxima-~ 
tion. The rapid development of quantum electrodynamics in 1948-1949 re- 
sulted from attempts to formulate his, and Weisskopf’s, ideas in a relativis- 
tically invariant way and to complete his calculation. 

We have found another rule that must be included in quantum electrody - 
namics: (1) Put in an arbitrary cutoff factor C(k’) = —[r2/(k? - r’)) for each 
propagator 1/k?. (2) Express everything in mexyp = m — 6m. (3) Take the 
limit as A—>% and keep mexp fixed. 
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Schwinger subtracted infinities at the integrand stage, but this is ex- 
tremely difficult to do in practice. It turns out that his method is com- 
pletely equivalent to the above-mentioned rule. 

Is there anything wrong with this procedure? It is just a dirty-looking 
prescription. Weisskopf once remarked that, only if God had given us a 
charged and uncharged electron, would we be forced to compute 6m. 

Actually we have in nature examples for which the cutoff technique does 
not work, for instance, the m*, 7°, anda~. The m* and 7° differ in mass but 
the calculation diverges quadratically. When we make this calculation we 
treat them as point particles. Actually, we should include a cloud of nucleon 


pairs and some people believe that this could cancel the infinities. However, 
that has never been proved. 


B, O Quantum 
Electrodynamics 


Is it possible that we can do quantum electrodynamics replacing the prop- 
agator 1/k? by 


eS oN 
k? (k? — A’) 


and keep A finite? Then there would be no divergences and the cutoff A 
could be introduced as a new constant. Unfortunately such a theory is not in- 
ternally consistent. For example, suppose we have an atom in an excited 
state. We now calculate two probabilities: (1) the probability that it decays 
(i.e., that it radiates a photon); (2) the probability that it remains in the ex- 
cited state. The sum of these probabilities differs from unity by a factor 
proportional to m?/2?2, Probability is not conserved! You can also see this 
if you write the corrected propagator in the form (1/k?) - [1/(k? - »)). 
This amounts to introducing a propagator, [1/0 = »)), for an extra 
‘‘photon’’ or vector particle of mass A. The minus sign means that it is 
coupled with -e” instead of +e’, that is, the coupling of one such photon 
would have to be with an imaginary coupling constant ie. The Hamiltonian 
is not Hermitian, so probability is not conserved, and chaos ensues. 

Nobody has been able to solve this problem: Find a theory that is con- 
sistent with the general principles of quantum mechanics (superposition of 
amplitudes) and relativity and contains an arbitrary function. You cannot 
modify the propagator 1/ k? without the whole theory collapsing. Note that 
this difficulty does not occur in the nonrelativistic quantum mechanics, 
where an arbitrary function, the potential V(r), can be varied over a consid- 
erable range. Relativity plus quantum mechanics seems to be exceedingly 
restrictive, but we are also undoubtedly adding unknown tacit assumptions 
(such as indefinitely short distances in space). 

We have computed the contributions to the self-energy by the sum of the 
diagrams of Fig. 29-1 and found that it diverges logarithmically. However, 
we have left out diagrams of the type shown in Fig. 29-2. This term gives a 
contribution of order e! to C, and thus to 6m. It varies as e‘[In(A/m)]?. It 
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aes 


FIG. 29-1 


might be possible that if we included all such diagrams, the self-energy 
would turn out to be finite. Gell-Mann and Low have been able to sum all 
those terms which are of the highest order in In(A/m) and showed that the 
result is still divergent. It appears that C varies as 

(°/p*) ae? + be? + ++ 


where a, b, ... are numbers. 


FIG, 29-2 


FIG. 29-3 
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There remains one new type of diagram to be discussed. Namely when a 
pair produced annihilates itself. As examples, we have the diagrams of Fig. 
29-3. 


P2 Po Pe 
k 
k x Lea 
ag & x 
k 
Py Pi Pi 
FIG, 29-4 


Let us see some of the effects of virtual photons (radiative corrections). 
Consider, for instance, the scattering of an electron from a potential V(r) 
(see Lecture 30 for a discussion on the meaning of a potential). The dia- 
grams including virtual photons in lowest order are those of Fig. 29-4. The 
correction to the coupling strength (factor 1+ r in the propagator) cancels 
out when we add the contributions of these three diagrams. The net effect, 
for sufficiently low energies, is to smear out the potential over a Compton 
wavelength: Very roughly, 


V(r) > V(r) + const (e2/m’) V7 V(r) 


In an atom this change in the potential will modify the energy levels. Con- 
sider the case of hydrogen. Assuming a pure Coulomb potential between the 
electron and the proton, the Dirac theory predicts that the 2S, and the 
2P,/. states have exactly the same energy. However, we have seen that the 
effective proton-electron potential has also a term proportional to V?V(r) 

= —4mp (p is the charge density of the proton). Since p vanishes except at 
the origin, this affects only the S-state energy, which is shifted by ~1000 Mc. 
If one includes also the correction due to the diagram of Fig. 29-5 (vacuum 
polarization), the theory predicts a shift of 1057.3 +0.1 Mc. There is a 


FIG. 29-5 
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slight disagreement with experiment and it may be necessary to calculate 
the next order. 

If the external potential is a magnetic field then the effect of the virtual 
photons is to modify the magnetic moment of the electron. Its effective mag- 
netic moment p, has been calculated to order e‘ and the result is 


Me =p l1 + (e2/2m) — 0.328 (e4/n?)] = wo (1.0011596)uy 


where py = e/2m. (The correct coefficient of e’ was obtained only recently 
by Petermann and by Sommerfield. The first calculation by Karplus and 
Kroll gave 2.973.) The magnetic moment is measured by determining He/y 
(u p = magnetic moment of the proton). The measurement of He/Mp is quite 
accurate. However there are two conflicting experimental determinations of 
Hp/io: one gives He/io = 1.00146 + 0.000012, and the other gives He/po 
= 1.001165 + 0.00011 (reference 12). 

Charge Renormalization. I said before that there is another infinity in 
quantum electrodynamics. We have diagrams of the type given in Fig. 29-6 


FIG. 29-6 


in which there appear virtual electron-positron pairs. We can again sum 
the diagrams of Fig. 29-7. The corresponding series is 


Ipofge 


FIG. 29-7 
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ONES Sr Tens CAPR: Wesires Canara 
+—p X=p+—y Xp Kt = 
q? q? @ q? q? q? rela -xX 


where X is the contribution of the electron-positron loop. 
It turns out that for small @, X= a2Y where Y approaches a constant 
(this is true in fact to all orders in e’). Therefore, 


1/(q? — X) = 1/{q?2(1 - Y)) 


The pole of the propagator is still at q? = 0. This shows that the rest mass 
of the photon stays equal to zero. However, the factor 1/(1 — Y) will always 
appear multiplying e’. Therefore the charge €exp measured experimentally 
is 


Cexp = e/(1- ¥)'” 


This effect is called renormalization of charge. When you calculate Y you 
again get infinity. But you can correct this logarithmic divergence in the 
same way as with the mass. Now, we can see a physical example of renor- 
malization of mass: particle with and without charge (see Lecture 28). But 
we can see as yet no way that the degree of renormalization of charge can 
have a physical meaning. However, we know 


Cexp = 1/137.0369 


Suppose a future theory predicts some simple result for the theoretical 
mass. Say the root of a Bessel function, or something similar 


e%, = 1/141 


But the agreement with experiment only results after the charge renormali- 
zation correction, and you get Cexp = 1/137. But this is completely specula- 
tivel 

Now let us see what X is. We have to calculate the contribution of the 
diagram of Fig. 29-8. Following the electron line along the closed loop we 
have (4m) : eYn = amplitude for annihilating the photon, 1/(f —m) = amplitude 


ve q 
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for the propagation of the electron between the two photon vertices, (47) / ey, 
= amplitude for emission of a photon with polarization v, and 1/(6-—d —m) 

= amplitude for the propagation of the electron back to its starting point. 

The total amplitude is therefore 


4re7U; [1/(6 -d -m)] y, [1/6 -m)] yy U; 


where U, is the initial state of the electron (which need not satisfy the Dirac 
equation, since it represents a virtual electron). However, all possible mo- 
menta p and initial states U,; can occur. Therefore 


X,y = 4re? J spur {[1/@ - 4 -m)) y, [1/(B — m)] yy} [o* p/(277)*} 


The details of how to do the integral are found in reference 11. The sugges- 
tion on how to get rid of the infinity was first given by Pauli and Bethe. It is 
not possible to modify the electron propagator by convergence factor since 
the resulting expression is not gauge-invariant. Instead, one should calculate 
using the mass m of the electron and subtract the same integrand with a 
different mass M. The result is logarithmically divergent but can be taken 
care of by changing e to eexp. 

The renormalization of charge is not only due to virtual electron-positron 
pairs, but also to every charged particle-antiparticle pair. Is then the re- 
normalized charge of the electron different, say, from that of protons? The 
answer is no. If the electron-photon coupling is modified by diagrams of the 
type shown in Fig. 29-9, then the proton-photon coupling has the same dia- 
grams (Fig. 29-10). (Actually there are additional diagrams if we consider 


FIG. 29-9 


€ 


FIG. 29-10 
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FIG. 29-11 


meson theory, Fig. 29-11. They make things like the anomalous moment but 
do not alter the total charge of the nucleons.) 


Meson Theory 


You are used to seeing the Dirac equation (or similarly the Schrodinger 
equation) written in the form 


(iv - A - m)l = 0 


where A is the external potential. It is essential to recognize that this re- 
sult is an approximation to the rules we have given, and can be deduced from 
them. Therefore we ask: When can part of an interaction be characterized 
as external potential ? 

Consider the interaction of an electron with some unspecified machinery 
that produces virtual photons, the amplitude for producing a virtual photon 
of momentum q, polarization uw being A, (q). Then the matrix describing 
the part of the interaction shown is (Fig. 30-1): 


J t1/6 + d —m)lyyL1/@ - m)) A, (@) [a4 q/ (2741 


p+ q is the ‘‘actual’’ momentum of the electron after absorption of the pho- 
ton. 


p+q 


FIG. 30-1 


Now the source may emit two, three, or four photons. For two photons 
the appropriate propagator is 
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1 1 1 d‘aq, d‘q, 
iil Ptdithom  prdjom MH pom 1 Ae®) Ent Gm 


fy (41,42) is the amplitude for emission of two photons, etc. 
The important point is that there exist sources that are essentially unaf- 
fected by the emission of the first photon. This implies that 


Ey 142) = Ay (a1)A, (G2) 


That is, for such sources the amplitude to emit a second photon is independ- 
ent of whether a first photon is emitted or not.t Only then do we say that 
the source has produced an external potential. [Strictly we assume the am- 
plitude for three photons to be Au (q1)A,,(q2)A(q3), etc., for any number.] 

The total propagator for an electron in an external field is then 


1 1 1 1 sig AE oe 
om * ped-m *® fom * Bdrm “AM Frgom AM 


x a 


plus similar terms (integrations understood), since any number of photons 
can be absorbed. 


This series can be summed. We shall show two ways. First, let the 


‘actual’? momentum # + q; + --- = P, considered as an operator changing its 
value after operations with 4 where 


d= K(q)ld‘4q/(27)'] 


Then the above series can be written 


It is evident that one of the requirements is that the source remain in 
the same state after the emission of one photon. For example, for a heavy 
particle, recoil upon emission of a photon is negligible. 

As another example, which is more subtle, consider a big magnet, con- 
taining lots of electrons. Now a single electron does not produce the usual 
external magnetic field, since the spin is flipped ~1/2 of the time when a 
virtual photon is emitted. But for iron the situation is different. Define x 
and y (for a single electron) by: x = amp. to stay in the same state after 
emitting one photon (x? ~ 1/2), y = amp. to change to another state. Let N 
be the number of electrons in the chunk of iron. Then we have: amp. for an 
electron to stay in the same state = Nx, amp. for an electron to change 
state = y, since if the spin flipped we could distinguish the guilty electron. 
The corresponding probabilities are (xN)?, Ny’, so that the amplitude to re- 
main unchanged effectively is O(VN) greater than to change. 
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which we recognize as the expansion of 1/(P —- m - 4). 
Another way is as follows: Consider the diagrams of Fig. 30-2. There is 
some ‘‘last’’ photon in each diagram. What is the amplitude W to arrive at 


a | | 
FIG. 30-2 


the position a after the last photon is absorbed? Here ¥ is also the am- 
plitude after all but a finite number of photons have been absorbed. There- 
fore [1/(p — m)] d¥ [the amplitude ¥ previous to ‘‘last’’ photon, times the 
amplitude ¢ to scatter ‘‘last’’ photon and propagate 1/(g — m)] plus the am- 
plitude ~ that there is no photon is © again: 


v= [1/6 —m)]d4¥ +e 
where 
(6 — m)p = 0 
Therefore, 
(B —m — dv = 0 
Alternatively, if y, amplitude after absorbing n photons, 
Pn+i = [1/(6 — m)] dpy 


and 


V=Ds on= Ht US - ml Av 


n=0 


Meson Theory. At present there is no quantitative meson theory. Present 
theories are based on an analogy with electrodynamics (Table 30-1). This 
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Table 30-1 
Meson theory Electrodynamics 
Propagator: nucleon 1/(f — my) electron 1/(p — me) 
pion (spin 0) 1/(q? - m?) photon (spin 1) -1/¢? 
Coupling: 4g vY5 On YN 4te VeY aye 


Ys appears since the pion is pseudoscalar 


theory is clearly a creation of the human mind! It is wrong because nature 
is more inventive. 

If you want, you can write down diagrams, putting in the right bookkeeping 
to account for charge conservation. But the diagrams correspond to a per- 
turbation expansion, and since g* = 15 (not 1/137) each successive term is 
more important than the one before! 

The ys coupling is called the pseudoscalar coupling (PS). Also possible 
is pseudovector (PV)(Y5sq). However there is a prejudice against PV cou- 
pling—it cannot be renormalized, each successive order diverges worse than 
the preceding one because of the extra momenta in the numerator. 

It seems that if the theory were basically correct, experiment would have 
already given us some hints as to what the correct approximations are. 


Theory of 
B Decay 


We have discussed electrodynamics. The only other process about which 
quantitative calculations can be made is B decay. It was first observed in 
some nuclei that N-- P+ e+ py (p is defined to be the antineutrino). You 
know about the neutrino. Its existence was postulated in order to preserve 
conservation of energy, momentum, and spin. It can have 0 mass and has 
spin 1/2. 

Around 1934 Fermi proposed that the amplitude for this transition be 
written in the form g(¥y¥p¥,¥,) where ¥ is the wave function of the cor- 
responding particle. In the absence of any gradient of ¥, the electron en- 
ergy spectrum could be obtained from the density of final states alone. 
(This at first appeared to be incorrect experimentally. So Konopinski and 
Uhlenbeck suggested that one should include gradients in the wave functions, 
and obtained a spectrum in agreement with the experiments. But all the ex- 
periments were wrong because back scattering in the foil had not been taken 
into account. Miss Wu did the experiment with thinner and thinner foils and 
found this out. Fermi had been right. End of Konopinski and Uhlenbeck.) 

One question is apparent: Each wave function has four components, so 
which component do you put in the coupling? There is a total of 256 possi- 
bilities. Physically what we are asking is how does it depend on the spin of 
the particles? What we have to find are the couplings that are invariant un- 
der rotations and Lorentz transformations. 

One possibility is Cs(¥p¥y)(¥,¥,), known as scalar coupling. Another 
possibility is vector coupling, 


Cy(¥ Py, YN) eV, %) 


which is also invariant. (This is the one Fermi proposed as an example.) 
You can keep inventing things. Using the antisymmetric tensor of the 
second rank 


Ony = (/2)(VnVy ~ VyVp) 
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we can construct the tensor coupling 
Cy (Up yy YN Vey y Vy) 

The remaining ones are the axial vector coupling 
Ca (YY p VSN) Ye Vp sy) 

and the pseudoscalar coupling 
Cy(YpYs¥N)( Ye ¥5¥y) 


The correct coupling could be any linear combination of these. We have as- 
sumed invariance under reflections (conservation of parity); C(¥,¥s¥N) x 
(Ye W,,) is invariant under rotation and Lorentz transformation, but changes 
sign ander reflections. The same applies for the other four couplings if we 
insert an extra ys. If we combine couplings that change sign under reflec- 
tions with couplings that do not change sign, parity would be violated. Con- 
sequently these couplings were ignored until the difficulties of the K*-meson 
decay (tT — @ puzzle). The K* decays into 27’s and 3m’s, but the parity of 
the final state is different in the two cases. Lee and Yang proposed several 
experiments to find out whether this apparent lack of conservation of parity 
was characteristic of the weak decays. According to Wu’s experiment on 
Co® (see Lecture 7) the electrons came out backward with respect to the 
orientation of the spin. This means that you can associate a rotation with a 
direction in space, so reflection symmetry is not obeyed. Mathematically 
the violation of conservation of parity in 6 decay meant that the couplings 
which change sign under reflections had to be included, in addition to the 
ordinary ones. If the C’s are real, the theory is invariant under time re- 
versal. However, immediately after the failure of parity was demonstrated, 
people also began to doubt the validity of time-reversal invariance. So there 
were ten complex C’s or twenty constants in the theory. 

The next proposal was made by Lee and Yang and also independently by 
Landau and by Salam. Their idea was that the lack of conservation of parity 
was due to the neutrino, which must always spin to the left. (Originally they 
had it spinning to the right, which is wrong.) Recall when we discussed rel- 
ativistic particles of spin 1/2 that the simplest representation was a two- 
component amplitude satisfying equations 


(E-o- Pu=0 
or 


(E+ oa: Pjv= 
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What Lee and Yang said is that the neutrino could only exist in one of these 
states. The equation for the neutrino turns out to be 


(E+oa- Pjv=0 

Recall that for an electron we had to write 
(E —~o- Pju=mv 
(E +o-° P)v=mu 


if we insisted in a first-order equation. However it is clear that v also 
satisfies the second-order equation 


(E-o-+ P)\(E+o- Pv =m’ 


Gell-Mann and I proposed that the electron was also represented by a two- 
component spinor v. Then the B -decay couplings consist only of two- 
component wave functions v. The only relativistic invariant combination 
using no gradients is 


G(vt oy vn )(v¥ On Vy) 04 = 1, 04,2,3 = Pauli spin matrices 


The same proposal was also made, possibly somewhat earlier, by Marshak 
and Sudarshan. 

We have now a unique theory for the 8 decay with only one coupling con- 
stant, G. When it was proposed it disagreed with at least three accepted ex- 
periments, but all of them have been found to be wrong. 

I was tempted to teach quantum electrodynamics with a two-component 
wave function. The only difficulty is that you could not read any of the liter- 
ature. For this reason we shall also write the 8 coupling in the four-com- 
ponent representation. In our representation for the y matrices 


-1 0 0 0 
ate 0-1 0 0 
%-\ 9 0 10 
000 1 
Let 
0 0 0 0 
: 0 0 0 0 on 
a = (1/2)(1 + iys) = 00 1 0 = 
00 0 1 a. 
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Then if 


where u and v are two-component wave functions 


o-() 


In the same way, 


@ = (1 — iys)/2 = & : 


and 


#-(3 


Here a and @ are projection operators. You can verify that 


2. = 


a“ =a a 


=a aa =aa=0 ata=l1 
and a projects out the v component of ¥. Therefore in four-components 
the coupling becomes 


Gla¥ py, a¥n)(a¥ey, a¥,) 
Since ayy = Ya and aa = a, this can be simplified to 
G(¥ PYn an )(YeY p aW,,) 


After 23 years we come back to Fermi! 

Fermi’s rule is just modified by replacing a¥ for every ¥. It took 23 
years to find the a. It is easy to verify that if one applies this substitution 
to all the 8 couplings, then the scalar, tensor, and pseudoscalar components 
vanish, and the vector and the axial vector give the above result. Histori- 
cally, Salam, and Landau, and Lee and Yang, proposed that the neutrino wave 
function be always multiplied by a. Afterward I proposed the same for the 
electron and muon, but hesitated to apply it to neutron and proton because I 
believed there were some wrong experiments. Finally Marshak and Sudar- 
shan, and Gell-Mann and I, proposed the general rule, every YW replaced by 
a. 

Let us find out now what is the physical content of this theory. For this 
purpose we look at the decay of a polarized neutron. For simplicity we 
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neglect the motion of the nucleons (let the nucleon mass M —*°) and the spin 
of the proton. The amplitude m for this process is 


Pp De 
m= G(U py ,aUn)(U.y, aU,) 


Py 
We are interested in m*m summed over the two-spin states of the proton. 
By using projection operators (1/2)(1 + iWy ys) and (1/2)(1 + iW. Y5) for the 
spins of the neutron and electron, 
m*m = G? spur {y, a(Bp + M) 7, a(n + M) 
proton spin 


x [(1 + iWn ys)/2]} 


x spur {y,a(be + m){(1+ iWes)/2] y,ap,} 


Consider first the spur containing the nucleon coordinates.+ Cancel one of 
the a’s using the fact that a2 =a and aa = 0. Then 


spur { ay,(Bp + M)yya(bn + M)[(1 + iWnys)/2]} 
= (1/2) sp [y,BpYy (by + M)(1 + iWv5)] 
Now 
(1 + iWyys)a = (1 — Wy)a 
Since the spur of an odd number of y matrices vanishes, we are left with 
(1/2) sp Ly, 8,7, @n —MWy)(1 — iys)] 


Take the z axis along the polarization of the neutron. In the limit M— © 
this becomes 


(M?/2) spl y,¥t Yule + Y2)(1 — iys)l 
Using 
+ Notice that for a neutrino the usual normalization UU = 2m cannot be 


applied. However, we are calculating spurs. The only thing that happens in 
the limit m— 0 is that the projection operator becomes simply #. 
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(1/4) sp dib¢d = (a-b)(c-d) — (a-c)(b-d) + (a-d)(b-c) 
we get 
(1/4) SP YyVe Vere = 2ye Out — Opy 
(1/4) SPY%,M% VpVz = SytSyz + OyzSyt 
(An easier way is to work out each special case for » and v= t,x,y,z.) Also, 
(1/4) Sp YyVtV pe V5 = 0 
(1/4) SP YyVeVpV2¥5 = ~SyxOpy + SyySyx 
Therefore, 
(1/4) sp [¥pVe Yu (Ve + ¥2)(1 — 17 5)) = 25 ye dye — Spy t Oye dyz 
+ OuzOyt 
A6uxdvy — SpySyx) 


The spur containing the electron neutrino can also be simplified into the 
form 


(1/2) sp [Y¥yByYyBe — MWe)(1 — iys)] 
Now we need to calculate 

SP [¥y¥e Vu (Yet ¥2)(1 —iys)) sp [¥ yb, V¥ye —-MWe)(1 —iys)I 
Substituting our expression for the left-hand-side spur we get 

4 spur [(2y, Bye — Vy By Vu + YeBy V2 + ¥2By Vt — iV¥xBy Vy 

+ iyyBy7x)(Be — MWe)(1 — is) 

Evaluating the spur this expression reduces to 

16 (E,+ P,, (Ee - MWe, ) 
In the rest frame of the electron We, = 0, W=€(P./Pe), where €=+1 for 
an electron spinning to the right and € = —1 spinning to the left. Since W, 


transforms like a 4-vector we have in the laboratory frame 


We, = ¥(0 + Ve) = E(Ee/m)ve 
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Finally, if we let 6, be the angle between the spin of the neutron and the di- 
rection of the emitted antineutrino we get 


>> m*m = 4G°M’E,E,,(1 + cos 6,)(1 -— Eve) 
This says the following: 
Prob. for electrons spinning to the left 
= (1/2)[1 + (v./c)] © 1 for v ce 
Prob. for electrons spinning to the right 
= (1/2)[1 — (v,/c)] © 0 for v ®c 


Hence, electrons are polarized spinning to left when coming out of B decay. 
Neutrinos must always spin to the left (antineutrino to the right). Notice that 
relativistic electrons behave like neutrinos because their rest mass can be 
neglected. 

While the electron is emitted isotopically the antineutrino is emitted pref- 
erentially along the spin of the neutron with a (1 + cos 6) distribution. 

We can see that the results are in agreement with the Co® — Ni® expe ri- 
ment. The spins are 5 and 4, so the total angular momentum changes by 1. 
The neutrino is emitted preferentially along the spin of the Co® nucleus car- 
rying 1/2 units of angular momentum along its direction of propagation. To 
preserve total angular momentum the electron must therefore be emitted 
backward (Fig. 31-1). 


~c 
Y 
FIG. 31-1 


The energy spectrum dN of the electrons depends only on the density of 
final states (Lecture 16): 
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dN = (E, — E,)*P,E, dE. 

where 
Ey = My — Mp 

The neutron decay rate is 


Eo 
l/r= (G2/(27)°] f (E.- Eq)’ PoE ~ dE, 


Properties of 
the s-Decay 
Coupling 


Consider the process A+ C—->B+D 


B D 
Amp. = (BA)(DC) = (vgoyva VB OyVc) > 
A Cc 


where the v’s are two-component wave functions, o; = 1, Ox,y,2 = Pauli 
spinors. The neutron decay corresponds to N-~P+e+yp (or Nt v- 
P +e). If we expand the coupling in terms of the components of v we get 


(BA)(DC) = 2(ByDz — ByD,)* (AyC2, — AgCy) 


where 


VA = Oar etc. 


Exchanging A +*C or B~+~D changes only its sign. Therefore, 
(VE oyVA)(VDOyVc) = ~(VBouVA) (VB oyVC) 


Clearly, it is also equal to 2(v*v,q)(vjv_) where v_ = OyVB . You can easily 
Cc B B — 
verify that v_ is the wave function for the antiparticle B. In the four- 
B 


component representation we have 


(BA)(DC) = (Yay, a¥a)( YoY, ac) 


n 


(Wry a%a) (FB, abc) 


2(Y av,)(Vpav 
ae A)M(YD : 
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where 


a = (1/2)(1 + iys) 


The last expression is the simplest for calculations. Just treat B and C as 
if they were antiparticles. For instance, the neutron decay amplitude m is 
2G(U_aUn)(U,aU_). Then 

v P 


> = _m*m = 4G? sp{a(-#,)a(dn + M)[(1+iWnys)/2) } 


proton spin 


sp {a(be + me)[(1 + iWes)/2] a(—Bbp + M)} 
= (1/4)G" sp[p,(6n - MWn)] sp{(be-m_eWe)pp] 
= 46’p, (pn — MWn) (Pe —meWe)PP 
In the limit M — © this reduces to 
= 4G°M’E,E,,(1 + cos @,)(1 — Eve) 
Compare with the amount of labor used in calculating this result using 
m = G(Upy, aUy )(Uey,aU,,) (Lecture 28) 


We have assumed, using the convention that the electron is a particle 
(going forward in time), that the proton and the neutron are also particles 
[coupling (PN)(ev)]. Then the neutrino angular distribution varies as 
1+ cos @ with respect to the neutron spin, while the electrons come out 
isotropically. If we assume that N and P are antiparticles [coupling 
(NP)(ev)], we find that the neutrino comes out isotropically while the elec- 
tron varies as 1+ cos 6,.. Telegdi et al.!3 measured the angular distribu- 
tion of electrons (1 + A cos @e) and neutrinos (1 + B cos @,,) from polarized 
neutrons and found A = —0.09 + 0.03, B=+0.88 + 0.15. This agrees with 
the usual convention that N and P are particles. 

To account for the up decay we assume also a coupling (vpy)(Ev), provided 
the w~ is a particle like the electron. Calculating the electron energy spec- 
trum dN we find (neglecting the electron mass compared to the electron 
momentum and the mass of the muon) 


dN = 2x2(3 — 2x) dx dx 
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where x = P,/P,, and P,, = m,, /2 is the maximum energy of the electron. If 
the p» is the antiparticle the coupling is, instead, 


(1 ve v) ae 


and the electron spectrum turns out to be 

dN = 12x?(1 —- x) 
The measurements agree with the spectrum corresponding to yp being a 
particle. All particles coming from B decay are left-handed. 

It turns out that the coupling constant for the neutron and yp decay are the 

same. If we write it in the form V8 G (to get the ‘‘old’”’ G) 

GM? = (1.01 + 0.01) x 10°° 
(The proton mass has been introduced to make G dimensionless.) We say 
that for 8 -decay processes the transition amplitude is proportional to J*J, 
where J is a sum of terms of the form 

J = = (BA) BA = (¥p7,a¥a) 
over various combinations of particles A, B. What are these particles? So 


far we have only been able to establish the part that does not involve strange 
particles 


J = (ev) + (NP) + (pv) + (strange particles) 
The cross term (PN)(&p) gives N decay, (vu)(Ev) gives » decay, and 
(vy)(NP) gives p capture. [Note that (AB)* = (BA).] 


There is only one more thing to say about B decay. Consider again the 
neutron decay 


m=vV8 G{¥p (Yp + iY p¥5)/2] Un} (Gov p aw,,) 


Ordinarily the neutron and proton move very slowly. Therefore it is very 
useful to look at the N.R. approximation. We have 


Y py, Yn = (1/2M)¥ pO py y+ Vp Bn) YN 
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If the proton and neutron are standing still, 
Bp = bn = My; 
and 


= me 2M6 ud proton spin parallel to neutron 

Very Yn = YpUn dys = spin 
0 proton spin not parallel to 

neutron spin 


This is the Fermi part of the coupling. 
In a similar manner it follows that 


Win, s¥n = po, ¥n pw = 1,2,3 
=0 w= 4 


This is the Gamow-Teller contribution. It was soon discovered that the 
Fermi coupling was not sufficient, since it cannot change the total angular 
momentum of the nucleus. So Gamow and Teller suggested a term propor- 
tional to o, which can take off unit angular momentum, 

We have proposed that the three terms of the current that do not involve 
strange particles have the same amplitude. However, the 7 interaction will 
modify the effective coupling. It is possible to arrange the factors so that 
the Fermi part is not changed. However, the Gamow-Teller part must be 
multiplied by a factor x = 1.25 (reference 14). The O” decay is a 0 0 
transition, so the Gamow-Teller contribution vanishes. The coupling con- 
stant agrees with that obtained from the lifetime of the » within 5 per cent. 

Recently a striking confirmation of the theory was the observation of the 
m-e decay. The absolute rate of the m-y and the m1-e decay cannot be calcu- 
lated. But you can get the ratio. Until this summer the 7-e decay had not 
been identified. 


.3 4 Summary 
of the Course 


We have given the rules for processes which involved a small number of 
particles. Since processes involving large numbers of particles can be un- 
derstood in terms of the fundamental processes, we have in a sense de- 
scribed all of physics, as follows: 


Rules to calculate im 


Propagator: spin 0 i/(p? — m’) 


spin 1/2 i/(g - m) 


photon —(i/k*) 
Electromagnetic coupling: spin 1/2 ~i(4n)!/ -evgu 

spin 0 -i(4n)! e(py+ po) E+ i4me® &4° Ey 
8 -decay coupling: J*J 


Aside from these rules when the intermediate momenta are not definite, 
we must integrate over a‘ p/(2r)!. 

For a closed loop take the spur with a minus sign. 

If you have identical particles the exchange amplitude gets a + sign for 
integral spins and a — sign for half-integral spin. Challenge: This last rule 
is not independent of the other rules. It is necessary in order to get consis- 
tent probabilities. If I use a + sign for spin 1/2, I get nonsensical results. 
However, I do not have a complete proof. 

You do not know anything until you have practiced. You are now able to 
calculate many of the problems of physics by yourself. You still cannot do 
everything: example—the many-electron atom. The answers are contained 
in these rules but you will have to learn to use them in their nonrelativistic 
form, where they correspond to the Schrédinger equation. Also it will not 


168 


SUMMARY OF THE COURSE 169 


be easy to read papers that are based on the formal theory. However, first 
learn what the physical problem is, and then try to solve it. Finally, there 
is one branch of physics that is not contained in these lectures—the Chew- 
Low theory and dispersion relations. This is an approach to what might be 
thought to be a field theory of strong couplings. As a result of a study of 
m™-meson nucleon scattering and 7-meson photoproduction they have found an 
approximate formula for the m7-nucleon interaction amplitude. It is 


(f/u)¥5A f? = 0.08 


It works only if the energy is not too large. 
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